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Abstract 

Let if be a complete discretely valued field of mixed characteristic (0, p) with possibly 
imperfect residue field. We prove a Hasse-Arf theorem for the arithmetic ramification filtrations 
[2] on Gk, except possibly in the absolutely unramified and non-logarithmic case, or p — 2 and 
logarithmic case. As an application, we obtain a Hasse-Arf theorem for filtrations on finite fiat 
group schemes over Ok [3 E] ■ 
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Introduction 

0.1 Main results 

This paper is a sequel to [21j, in which we proved a comparison theorem between the arithmetic 
ramification conductors defined by Abbes and Saito [2j and the differential ramification conductors 
defined by Kedlaya [17]. In that paper, a key consequence is that one can carry the Hasse-Arf 
theorem for the differential conductors to obtain a Hasse-Arf theorem for the arithmetic conductors 
in the equal characteristic p > case. 

In this paper, we will combine the ideas in [n\ [2T] with the techniques of nonarchimedean 
differential modules in [18], to give a proof of the following Hasse-Arf theorem for the arithmetic 
ramification conductors in the mixed characteristic case. 

Theorem. Let K be a complete discretely valued field of mixed characteristic {0,p) and let Gk he 
its absolute Galois group. 

1 (Hasse-Arf Theorem) Let p : Gk GLiVp) be a continuous representation of finite local 
monodromy, where Vp is a finite dimensional vector space over a field of characteristic zero. 
Then the Artin conductor Art(p) G Z>o if K is not absolutely unramified; the Swan conductor 
Swan(/9) G Z>o if p > 2 and Swan(p) G \'^>Q if P = 2; 

2 The subquotients FiPGi^/FiP+Gi^ for a > 1 and Filf„gGx/Filf+Gx for a > of the ramifi- 
cation filtrations are trivial if a ^ Q and are abelian groups killed by p i/ a G Q, except in the 
absolutely unramified and non-logarithmic case. 

This theorem summarizes the results from Theorems 13.3.51 13.5.111 and 13.7.31 

We do not know if Swan(p) may fail to be an integer when p = 2 m general. 

This question of the theorem is first raised in [3j, in which Abbes and Saito proved that the 
subquotients of the filtrations are abelian groups, except in the absolutely unramified and non- 
logarithmic case. After that, Hattori jlOi lllj gave some partial results on the first part of the 
theorem when the corresponding field extension can be realized by a commutative finite fiat group 
scheme. In personal correspondence, Saito told the author that he had a proof of the second part 
of the theorem for logarithmic ramification filtrations. 

The technique used in this paper is very different from the approaches above; it only uses a 
small technical lemma (see Subsection 12. 4p from [3]. Moreover, this paper shares some core ideas 
with the foregoing paper [21], but it is logically independent of that paper. 
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0.2 Idea of the proof 

We start with a naive approach to the above theorem in the non-logarithmic case. One easily 
reduces to the following case. 

Let L/K he a. finite totally ramified and wildly ramified extension of complete discretely valued 
fields of mixed characteristic (0,p). Let Ok, ttk, and k denote the ring of integers, a uniformizer, 
and the residue field, respectively. Assume that dim^p k < +00. There G k 

such that b^^ • ■ ■ 6^ ioi ii, ... ,im € {0, . . . ,p — 1}, form a basis of as a A;P-vector space; let 
bi, . . . ,bm be lifts of 5i, . . . , 5^ in Ok- 

Pretend for a moment that we have a continuous homomorphism ip '. Ok — ^ ^i^l^o? • • • 5 
such that ^j^ttk) = t^k + ^0, and V'(^i) = bi + 5i ioi i = 1, . . . , m. We define the rigid analytic space, 
called the thickening space, to be 

TSl,j^ = Spm(L x^,^ i^(vr]^'^<5o, . . . ,vr/5™)) ^ ^^+'[0, K^n, 

where 11 is the projection to the second factor and A^"''^[0, Ivrfcl"] denote a (closed) polydisc of radius 
Itt/^I". Since n is finite and etale, similarly to Theorem 3.4.5], we can relate the ramification 
breaks ol L/K to the spectral norms (or equivalently, generic radii of convergence) on the differential 
module li^Ors- on ^™+^ [0, | TTft:!'^]. Using this, we would be able to prove that the ramification 
break is invariant under the operation of adding a generic p°°-th root (see [21J Section 5.2]). Then 
we may reduce to the case when the residue field extension is separable. The non-logarithmic Hasse- 
Arf theorem follows from the classical one immediately. Moreover, one can deduce the logarithmic 
Hasse-Arf theorem from this as follows: when d/ddo is log-dominant the logarithmic ramification 
break is 1 bigger than the non-logarithmic ramification break, and when d/d6o is not log-dominant, 
the logarithmic ramification break is the same as the non-logarithmic ramification break after a 
tame base change of large degree. One can also prove the results for subquotients of the logarithmic 
ramification filtration using a trick similar to [17, Proposition 2.7.11]. 

Unfortunately, this proof fails because the desired homomorphism never exists, as we cannot 
make ip{p) = p and ip{irK) = t^k + happen at the same time. As a salvage, we take to 
be a function, which becomes a homomorphism if we modulo the ideal Ik = pi^o/T^K-,^!-, ■ ■ ■ ,Sm) 
(Proposition 12. 2. "5]) . When K is absolutely unramified or, in other words, vk{p) = 1, this condition 
is significantly weakened. This is the only hindrance to extend our main result to the absolutely 
unramified and non- logarithmic case (see also Remark 12. 2. 6p . 

We define the space TS'^jj^^ by writing down the equations generating Ol/Ok and applying 
ip termwise. When considering the effect of adding a generic p-th root (instead of p°°-th root, see 
Remark 13. 2. 6p . we have to carefully keep track of the error terms due to ip. 

Another key ingredient is the amazing fact proved in [21 Theorem 7.2] (and [31 Corollary 4.12] 
in the logarithmic case) that TS'^^j^^ is finite and etale over 74^^^[0, |7ri<-|'^] if a > b{L/K) — e 
for some e > 0, where b{L/K) is the highest ramification break of L/K. This etaleness statement 
validates the construction of differential modules. The auxiliary etale locus given by e enables us 
to find the exact loci where the intrinsic radii are maximal, and hence to identify the ramification 
break. 

Also, since tp fails to be a homomorphism, we have to study the generic radii of convergence 
over polydiscs instead of one dimensional discs; this makes essential use of the recent results on 
p-adic differential modules from [18]. As a result, the proof of the logarithmic case is slightly more 
complicated and for p = 2, we can only prove that Swan conductors lie in |Z instead of in Z. 
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0.3 Who cares about the imperfect residue field case, anyway? 

The imperfect residue field plays an important role in algebraic geometry when measuring the 
ramification along a divisor. For instance, passing to the completion at the generic points of 
divisors often results in one working over complete discrete valuation rings with imperfect residue 
fields. 

Kedlaya [15] started an interesting study along this line, inspired by the semicontinuity results of 
Andre [1] in complex algebraic geometry. In [15], Kedlaya took an F-isocrystal on a smooth surface 
X overconvergent along the complement divisor D of simple normal crossings, in a compactification 
oi X. If we blow up the intersection of two irreducible components of D, we may realize J- over 
this new space and measure the Swan conductor along the exceptional divisor. This process can 
be iterated. Kedlaya proved in [15] that, after suitable normalization, the Swan conductors along 
these exceptional divisors are interpolated by a continuous piecewise linear convex function. This 
result was stated for general smooth varieties of arbitrary dimension in |15j . 

An interesting question is: does the same phenomenon happen for a noetherian complete regular 
local ring O/^pi, . . . where Ok is a complete discrete valuation ring of mixed characteristic? 

Another application is to the study of finite fiat group schemes via ramification filtration 
initiated by Abbes and Mokrane in [1]. Hattori conjectured that one can give a bound on the 
denominators of ramification breaks. This can be proved by an analogous Hasse-Arf theorem for 
finite fiat group schemes. Thus, as a consequence of the main theorem of this paper, we obtain a 
Hasse-Arf theorem for finite fiat group schemes in the mixed characteristic case by an argument 
originally due to Hattori. 

0.4 Structure of the paper 

In Section 1, we first recall some results of differential modules from \18\ . Then we review the 
definition of ramification filtrations in Subsection 11.21 

In Section 2, we set up the framework for the proof of the main result. In Subsection 12.11 we 
introduce the standard Abbes-Saito spaces. In Subsections 12.2112.51 we define the function tp we 
mentioned earlier and construct the thickening spaces and the associated differential modules; the 
aim is to translate the question about the ramification breaks into a question about the intrinsic 
radii of convergence. In Subsection 12.61 we discuss a variant of thickening spaces. 

The proofs of the main Theorems l3. 3. 51 13.5.111 and l3.7.3] occupv the whole Section 3. In the first 
three subsections, we deduce the Hasse-Arf theorem for non-logarithmic ramification filtration. In 
Subsection 13.41 we apply the Hasse-Arf theorem for Artin conductors to obtain a Hasse-Arf theorem 
for finite fiat group schemes. In Subsection 13.51 we deduce the integrality of Swan conductors from 
that of Artin conductors by tame base change. In the last two subsections, we use a trick of Kedlaya 
to prove that the subquotients of the logarithmic filtration (on the wild ramification group) are 
elementary p-abelian groups. 
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1 Background Reviews 
1.1 Differential modules 

We first recall some recent results in the theory of p-adic differential modules. This subject was 
first studied by Christol, Dwork, Mebkhout, and Robba (TjlHllH]. Recently, Kedlaya and the author 
improved some of the techniques in [141 118j. We record some useful results from these sources. 

Convention 1.1.1. Throughout this paper, p > will be a prime number. By a nonarchimedean 
field, we mean a field K of characteristic zero and complete with respect to a nonarchimedean norm 
for which \p\ = 1/p. In particular, the residue field of K has characteristic p. 

Convention 1.1.2. For an index set J, we write ej or (ej) for a tuple {ej)j^j. For another tuple 
bj, denote by = Hjgj^j^ °^ly finitely many ej ^ 0. We also use Ylej=o mean the sum over 
Cj £ {0, 1, . . . , n} for each j G J, only allowing finitely many of them to be nonzero. For notational 
simplicity, we may suppress the range of the summation when it is clear. For a set A, we write 
ej <Z A ox (ej) C j4 to mean that ej G A for all j E J. 

Notation 1.1.3. From now on, let be a nonarchimedean field and fix an element ttk £ of 
norm 6 <1. When K \s a. complete discretely valued field, we take ttk to be a uniformizer. 

Notation 1.1.4. For an interval / C [0, +oo], we denote the n-dimensional polyannulus with radii 
in / by A^{I). (We do not impose any rationality condition on the endpoints of /, so this space 
should be viewed as an analytic space in the sense of Berkovich [5].) If / is written explicitly in 
terms of its endpoints (e.g., [a, we suppress the parentheses around / (e.g., A^[a,j3\). 

Notation 1.1.5. Let R he a, complete topological ring. We use R{ui,...,Um) to denote the 
completion of the polynomial ring R[ui, . . . ,Um] with respect to the topology induced from R. 
When R is an complete C'i<--algebra, we write R{i:~^^5i, . . . ,-K~^'^5m) to denote the formal sub- 
stitution of R{ui, . . . , Um) via Uj = vr^°^(5j for j = 1, . . . , m, where ai, . . . , € M. In particular, 
i^(7r^"'5i, • • • , vr^"'"^™) is the ring of analytic functions on A\[0, e""^] x ■ ■ ■ x A]^[0, 6''"']. 

We use iC|{T]o to denote the bounded power series ring consisting of formal power series 
^ieZ>o '^i^* ^'^^ which Ui & K and [aj| are bounded. 

Notation 1.1.6. In this subsection, let J = {1, . . . , m} and = J U {0}. 
Definition 1.1.7. For sj+ E M, the 9'^-'+ -Gauss norm on is the norm given by 

I ^ aej+ 6ji^ = max { |ae^+ | • e^o^o+-+e™sm } _ 
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It extends uniquely to K{5j+); denote the completion by -^s^^- This Gauss norm also extends 
continuously to K{'k~^"-°5q, 7r^'''"(5m) if sj G [aj, +00) for all j e and K{'k~^"-°5q, ... , TT~^"""5m) 
embeds into Fg . 

Convention 1.1.8. Throughout this paper, all (relative) differentials and derivations are contin- 
uous and all connections are integrable. For notational simplicity, we may suppress the continuity 
and integrability. 

Definition 1.1.9. Let F be a differential field of order 1 and characteristic zero, i.e., a field of 
characteristic zero equipped with a derivation d. Assume that F is complete for a nonarchimedean 
norm | • |. Let V he a differential module with the differential operator d. The spectral norm of d 
on V is defined to be 

|a|spy= lim 

One can show that |5|sp,v > |9|sp,F [Ml Lemma 6.2.4]. 
Define the intrinsic d-radius of V to be 

IRaiV) = |9|sp,F/|5|sp,y G (0,1]. 

Example 1.1.10. For aj+ C M, the spectral norms of dj+ on Fg^^ are as follows. 

Remark 1.1.11. If F' /F is a complete extension and d extends to F' . Then for any differential 
module V on F, F (g) F' is a differential module on F' . Moreover, if |f?|sp,F = |9|sp,F') we have 
IRQ{V) = IRa{V ®F'). 

Notation 1.1.12. Let aj+ C M be a tuple and let X = A\.[Q, 0"°] x • • • x ^)^[0, (9'''"] be the closed 
polydisc with radii 6"'-j+ and with 5j+ as coordinates. 

Notation 1.1.13. A differential module over X (relative to K) is a finite locally free coherent 
sheaf 8 on X together with an integrable connection 

Let dj+ = d/d5j+ be the dual basis of dSj+. They act commutatively on £. A section v of <5 over 
X is called horizontal if 5j(v) = for Vj G J~^. Let H^{X,£) denote all horizontal sections on 
£ over X. A differential module is called trivial if there exists a set of horizontal sections which 
forms a basis of f as a free coherent sheaf. 

Let Sj G [aj,+oo) for j G J^. For j G J^, let IRj{£; sj+) denote the intrinsic 9j-radius 
IRq.{£ ®Ox Let IR{£; sj+) = mmj^j+ \^IRj{£; Sj+)} be the intrinsic radius of £. If Sj' = s 

for all j' G J, we simply write IRj{£; sq, s) and IR{£; sq, s) for intrinsic 5j-radius and intrinsic 
radius, respectively. Moreover, if sq = s, we may further simplify the notation as IRj{£;s) and 
IR{£;s). 

Lemma 1.1.14. Fix j G J^. There exists a unique continuous K -homomorphism fgcnj ■ ^o.j+ ~^ 

Faj+ Ivr^^'Tjo, such that /genj('^J+\{i}) = ^J+\{j} "''^d fgenji^j) = + ■ 
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Proof. See [ig Lemma 1.2.12]. □ 

Lemma 1.1.15. Denote F = Faj^ for short. The puUback fg^nji^ ®Ox ^) becomes a differential 
module over Ap[O,0"'i) relative to F. Then for any r € [0,1], IRj{£] aj+) > r if and only if 
/gen,j(^ '^Ox ^) trivial over Ap[0,r6"-^). 

Proof. This is essentially because the Taylor series X^^o ('^) ' ^/^/('^O — Yl'^=o '^j' i^) ' ^//("-O 
converges when \Tj\ < rO""^ for any section v if and only if IRj{£;aj+) > r. For more details, see 
Proposition 1.2.14]. □ 



We reproduce some basic properties of intrinsic radii, starting with the following off-centered 
tame base change, which is a fun exercise in [14\ Chap. 9, Exercise 8]. To ease the readers who are 
not familiar with differential modules, we give a complete proof. 

Construction 1.1.16. Fix n G N prime to p. Assume for a moment that m = 0, i.e., we consider 
the one dimensional case X = A^[0, 0"]. Fix xq & K such that \xq\ = 9^ > O"" [h < a). In particular, 

the point 5q = —xq is not in the disc X. Denote Kn = K(xq^"'), where we fix an n-th root x^" of 

Xq. 

Consider the JC-homomorphism /* : K{tt~^"'5q) Kn{TT ^^^""tjq), sending 5o to 

n-l / ^ 

(4/"+,„)"-.. = 4"-'"%(eG:i)(^»")- 

1=0 ^ ' ^0 

where the term in the bracket on the right has norm 1 and invertible because |a^o^"| > |^o|- Hence /* 
extends continuously to a homomorphism Fa -^a-6(n-i)/n' where is the completion 

of Kn{'r]o) with respect to the ^""^^""""^^/"-Gauss norm. 

Also, /* gives a morphism of rigid /C-spaces /„ : Z = [0, 6'"~''("-i)/"] ^ X = A]^[O,0'']. 
It is finite and etale because the branching locus is at 6o = —xq, outside the disc X. Thus, for a 
differential module £ on X, its pull back f*£ is a differential module over Z via 

f:£ ^ /:(^ ^Ox Oxd5o) f*£ Ozdvo, 

where the last homomorphism is given by d6o i— > u^Xq^" + r]Q)"'~^dr]Q. 

Proposition 1.1.17. Keep the notation as above. We have 

IRq^^^ {f:£; a-b{n- l)/n) = IRq,{£- a). 

Proof. The proof is essentially the same as \\M, Lemma 5.11] or [14, Proposition 9.7.6]. Lemma Fl. 1.141 
gives the following commutative diagram 

Fa i^aK-Tolo 



f* 

J n 



^a-b(n-l)/n ^ ^ a-b{n-l) / ni^ K ^olo 
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where /* extends /* by sending Tq to (xq^" + t/q + Tq)" — [x^^^ + %)"■- 
We claim that for r G [0, 1], /„ induces an isomorphism between 

^ a — b{n — l)/n 

Indeed, if |r^| < r9'''Kn~i)/n ^ Qb/n^ ^^^^^ 

\To\ = KxJ/" + 7?o + - {^T + = 1^^0(4^" + ^o)""'| < rr-''^"-!)/" • (^V-)"-! ^ ^^a^ 
Conversely, if \Tq\ < r0°, we define the inverse map by the binomial series 

% = (4'" + *)■[- 1 + (i + )'"'] = E ^ 



m— 1 



The series converges to an element with norm < ^^''-^{"-i)/". 
Therefore, Lemma 11.1.151 implies that for r G [0, 1], 

IRa,{£;a)>r 
^ fgenfii£ ®Ox Pa) is trivial over ^],JO,r0") 

^ /n7gen,0(^ ®Ox Fa) = f'^enfiifn^ ®Oz K~b(n-l)/n) t™l OVer A^^, [0, r^-^^"-!)/") 

The proposition follows. □ 
Similarly, we can study a type of off-centered Frobenius. 

Construction 1.1.18. Let 6 > and < a < min{— loggp + b,pb} and let (3 G K be an element 
of norm 1. Let L be the completion of K{x) with respect to the ^"-Gauss norm. 

Let / : Z = Alio, 9^] A]^[0,e''] be the morphism given by f*:6o^{P + Vo)^ - pP + x. 
By our choices of a and b, the leading term of f*{5o) is x, which is transcendental over K. Hence 
/* extends continuously to a homomorphism Fa F^, where F^ is the completion of L{riQ) with 
respect to the ^''-Gauss norm. Moreover, f*^\ — ^\ as the branching locus is at 770 = —(3, outside 
the disc. Thus f*£ becomes a differential module over Z = A\\{), via 

f*£ f*(^£ Oxd5o) rS ®Oz Ozdm, 

where the second homomorphism is given by dd^ 1— > p{j3 + r]Q)P~^dr]Q. 
Proposition 1.1.19. Keep the notation as above. We have 

IRa,{r£;b)>IRd,,{£-,a). 
Proof. As in Proposition ! 1 . 1 . 17| we start with the following commutative diagram from Lemma fl. 1.141 
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where /* extends /* by sending Tq to + % + T^T - (P + VoY- 

For r € [0, 1], by Lemma [TOO] below, [Tpj < rO" implies \To\ < max{rPeP'',p-^r9''} < rO^. 
Therefore, Lemma 11.1.151 implies that 

IRqo i£;a) >r 
^ /gen,o(^ ^Ox Pa) is trivial over A^p^ [0, rO") 

/7gen,o(^ ®Ox Pa) = fgenfiif*^ K) is trivial over ^^,[0, re^) 
^ IRa^^{r£-b)>r. 

The proposition follows. □ 

Lemma 1.1.20. O Lemma 10.2.2(a)] Let K be a non-archimedean field and let b,T € K. For 
r G (0,1), if\b-T\ < r\b\, then 

\bP - TP\ < max{rP\b\P,p-\\b\P}. 

Remark 1.1.21. A stronger form of Proposition [LI. 191 above for (straight) Frobenius can be found 
in ^ Lemma 10.3.2] or [THl Lemma 1.4.11]. 

Now, we study the variation of intrinsic radii on the polydisc. 

Definition 1.1.22. An affine functional on M™+^ is a function A : M™"*"^ ^ M of the form 
X{xo, . . . , Xm) = aoXQ + • • • + amXm + b for some ao, . . . , flm, 6 G M. If ao, . . . , Cm G ^, we say 
A is transintegral (short for "integral after translation"). 

A subset C C M"*"*"^ is polyhedral if there exist finitely many affine functionals Ai, . . . , A^ such 

that 

C7 = {x G : A,(x) > (i = 1, . . . , r)}. 

If the Aj can be all taken to be transintegral, we say that C is transrational polyhedral. 

Proposition 1.1.23. Let aj+ C R be a tuple and let X = A\[0,e''o] x ••• x A]^[0,e''^] be the 
polydisc with radii aj+ and coordinates 6j+. Let £ be a differential module over X. Then 

(a) (Continuity) The function —\oggIR{£;sj+) is continuous for sj G [aj, +oo) and j G J"*". 

(b) (Monotonicity) Let Sj > s'j > Uj for all j G J^. Then IR(£; Sj+) > IR{£; Sj+)- 

(c) (Zero Loci) The subset Z(£) = {sj+ G [oo,+oo) x ••• x [am,+oo)\IR{£; sj+) = 1} is 
transrational polyhedral. 

Proof. Statements (a) and (c) follow from |18[ Theorem 3.3.9]. For (b), by drawing zig-zag lines 
parallel to axes linking the two points sj+ and Sj+, it suffices to consider the case when sj = s'^ 
for j G ^'''\{jo} and Sj^ > s'j^. In this case, we may base change to the completion of K{6j+\ygj) 
with respect to the sj+^j^gj-Gauss norm. The result follows from [ISj Theorem 2.4.4(c)]. □ 

1.2 Ramification filtrations 

In this subsection, We sketch Abbes and Saito's definition of the ramification filtrations on the 
Galois group Gk of a complete discretely valued field K of mixed characteristic (0,p). For more 
details, one can consult [2j and [3]. 

In this subsection, we drop Notation 11.1.61 
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Convention 1.2.1. For any complete discretely valued field K of mixed characteristic (0,p), we 
denote its ring of integers and residue field by Ok and k, respectively. Let ttk denote a uniformizer 
and rrii^ denote the maximal ideal of Ok (generated by ttk)- We normalize the valuation vk{-) on 
K so that vk{t^k) = 1; the absolute ramification degree is defined to be f^K = vk{p)- We say that 
K is absolutely unramified if [3k = 1- For an element a E Ok^ we write its reduction in k as a; a 
is called a lift of a. 

We choose and fix an algebraic closure K^^^ of K. Let Gk denote the absolute Galois group 
Gal(i^'^^^/i^). If L is a finite Galois extension of K, we denote the Galois group by G^ik- We use 
^l/k{x) to denote the norm of an element x E L. If L is a (not necessarily algebraic) complete 
extension of K and is itself a discretely valued field, we use ei^jK to denote its naive ramification 
degree, i.e., the value group of K in that of L. We say that L/K is tamely ramified if pf e and the 
residue field extension kl/kk is algebraic and separable. If moreover e = 1, we say that L/K is 
unramified. 

Notation 1.2.2. From now on, K will be a complete discretely valued field of mixed characteristic 
(0,p), and L will be a finite Galois extension of K of nai've ramification degree e = ci^jk- Set 
^ = \'^k\'i this matches the convention in the previous subsection. 

Definition 1.2.3. Take Z = {zj)j^j C Ol to be a finite set of elements generating Ol over Ok, 
i.e., Ok[uj]/T — i- Ol mapping Uj to Zj for all j € J = {1, . . . Let (/i)i=i,...,n be a finite set of 
generators of I. For a > 0, define the Abbes-Saito space to be 

ASl/K,z = {(^1' A^[0, 1] I \Muj)\ < 0^ 1 < i < n}. 

If c € Q, we denote the set of geometrically connected components of AS^^^^ ^ by ttq^"™ (^S'^^^ ^). 
The highest ramification break b{L/K) of the extension L/K is defined to be the minimal 6 G R 
such that for any rational number a > b, ^'k^°™{AS'^ij^ ^) = [L : K]. 

Definition 1.2.4. Keep the notation as above. Take a subset P C Z and assume that P and 
hence Z contain ttl- Let ej = VL{zj), Zj G P. Take a lift gj G Ok[uj] of z^^k^^ for each Zj G P; 
take a lift /ijj G Ok[uj] of Zj^ /z^^ for each pair (zj, Zj) G P x P. For a > 0, define the logarithmic 
Abbes-Saito space to be 



|/*(nj)| < l<i<n 
u'j - TT%gj\ < e^+'^i for all zj G P 

'.f - u^'hij I < 6'"+'^'^^/^ for all (z^, zj) ePx P 



ASI/k,Io,,z,p=Y^j)^Ak[OA] 

Similarly, the highest logarithmic ramification break biog{L/K) of the extension L/K is defined 
to be the minimal 6 G M such that for any rational number a > b, ^TrQ^°^{AS'j^^p, ^ p) = [L : K]. 

We reproduce several statements from [2] and [3]. 

Proposition 1.2.5. The Abbes-Saito spaces have the following properties. 

(1) The Abbes-Saito spaces ASI^j^^ and ■^S'^jKiogZP '^'^ '^^^ depend on the choices of the 
generators (/j)i=i,...,n of I and the lifts gj and hij for i,j G P [2, Section 3]. 

(!') If in the definition of both Abbes-Saito spaces, we choose polynomials (/j)i=i,...,n as gener- 
ators of Kei {Ok{uj) — > Ol) instead of Ker {Ok[uj] Ol), the spaces do not change. 
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(2) // we substitute another pair of generating sets Z and P satisfying the same properties, then 
the geometrically connected components 7rQ'°"\AS'^p^ ^) and '^o^°"^{AS'^^j^^^^ ^ p) do not change. 
In particular, both highest ramification breaks are well-defined ^ Section 3]. 

(3) The highest ramification break (resp. highest logarithmic ramification break) gives rise to 
a filtration on the Galois group Gk consisting of normal subgroups Fil'^Gx (resp., Fili^^Gx) [21 
Theorem 3.3, 3.11]. Moreover, for L/K a finite Galois extension, both highest ramification breaks 
are rational numbers [2, Theorem 3.8, 3.16]. 

(4) Let K' /K be a (not necessarily finite) extension of complete discretely valued fields. If 
K' /K is unramified, then Y\["'Gk' = Fil"Gi^ ^2, Proposition 3.7]. If K' /K is tamely ramified with 
ramification index e < oo, then Filf^gGi^-/ = YA^^^Gk [H Proposition 3.15]. 

(4') More generally, let L/K be a finite algebraic extension and let K' /K be a complete exten- 
sion of discretely valued fields with the same valued group and linearly independent of L. Denote 
L' = K'K. IfOu = Ol ®O k Ok', then b{L/K) = b{L'/K' ) [H Lemme 2 .1.5]. 

(5) Define FiP+Gj^ = Ub>aFil^Gi4' and Filf+G/^ = \Jb>aF'^togG k ■ Then, the subquotients 
Fil"" G K /FiV^^Gk are abelian p-groups if a ^ Q>i and are if a ^ Q, except when K is absolutely 
unramified (O Theorem 3.8] and [31 Theorem 1]). The subquotients Filf^^Gx /Fil^^GK are abelian 
p-groups if a G Q>o and are if a ^ Q ([2, Theorem 3.16], ^ Theorem 1]). 

(6) For a > 0, Fil^^+^Gi^ C Filf„gG/< C Fil^Gi^ [21 Theorem 3.15(1)]. 

(7) The inertia subgroup is FH^Gk for a € (0, 1] and the wild inertia subgroup is Fil^^^Gi^ = 
Fil°+GA- [21 Theorems 3.7 and 3.15]. 

(8) When the residue field k is perfect, the arithmetic ramification filtrations agree with the 
classical upper numbered filtration [TU] in the following way: FiPGi^ = FH^^^Gk = G\ for a > 1, 
where is the classical upper numbered filtration on Gk \^ Section 6.1]. 

Proof. Only (1') is not proved in any literature. But one can prove it verbatim as (1). For a brief 
summary of the proofs for other statements, one may consult [21^ Proposition 4.1.6]. (Although 
the statements there are stated for equal characteristic case, the proofs work just fine.) □ 

Remark 1.2.6. To avoid confusion, we point out that in the proof of our main theorem, we do 
not need (5) and the second statement of (3) on the rationality of the breaks in the proposition 
above. Therefore, we will prove these properties along the way of proving the main theorem. 

Remark 1.2.7. In personal correspondence, T. Saito told the author that he found a proof of the 
fact that the subquotients F\\\^^G k /Fil^^^G k are elementary p-groups for a G Q>o. 

Definition 1.2.8. For b > 0, we write Fil^G^/x = {GlF[I^Gk)/Gl and Fi^gG^/x = (GLFilf^gG/^)/^^. 
We call b a non-logarithmic (resp. logarithmic) ramification break of L/K if Fil''Gj^/^/Fil^^Gj^/^ 
(resp. Filf^gGi/^^/Filf+Gi/x) is non-trivial. 

Definition 1.2.9. By a representation of Gk, we mean a continuous homomorphism p : Gk — 
GL(Vp), where is a finite dimensional vector space over a field F of characteristic zero. We allow 
F to have a non-archimedean topology; hence the image of Gk may not be finite. We say that p 
has finite local monodromy if the image of the inertia subgroup of Gk is finite. 

Definition 1.2.10. For a representation p : Gk — > GL(V^) of Gk with finite local monodromy. 
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define the Artin and Swan conductors of p as 



Art(p) "^^^ Yl «-dim(y/'i'"^^^Vy/ii"^^), (1.2.10.1) 



aeQ>o 

Swan(p) "^^^ Yl «-dim(y/'''-''"/y™'-''"). (1.2.10.2) 

aeQ>o 

In fact, they are finite sums. 

Conjecture 1.2.11 (Hasse-Arf Theorem). Let K be a complete discretely valued field of mixed 
characteristic (0,p) and let p : Gk GL{Vp) be a representation with finite local monodromy. 
Then we have 

(1) Art(p) and Swan(p) are non-negative integers, and 

(2) the subquotients FiPGx/FiP"''Gx and Fili^^G k /Fil^^G k are abelian groups killed by p. 

In Theorems I3.3.5|, 13.5. IH and 13.7.31 we will prove this conjecture except in the absolutely 
unramified and non-logarithmic case, or the p = 2 and logarithmic case. When the residue field is 
perfect, this conjecture is well-known. 

Proposition 1.2.12. If the residue field k is perfect, Conjecture \1.2.l7\ holds. 

Proof. By Proposition 11.2.5^ 8). it follows from the classical Hasse-Arf theorem [191 § VI. 2 Theorem 
1]. □ 

2 Construction of Spaces 

In this section, we construct a series of spaces and study their relations; in particular, we prove that 
the Abbes-Saito spaces are the same as thickening spaces, and translate the question on ramification 
breaks to the question on generic radii of differential modules. 



2.1 Standard Abbes-Saito spaces 

In this subsection, we introduce the standard Abbes-Saito spaces by choosing a distinguished set 
of generators of Ol/Ok- 

Definition 2.1.1. For a field k of characteristic p, a p-basis of A; is a set bj C k such that by , 
where ej G {0, 1, ... ,p — 1} for all j J and ej = for all but finitely many j, form a basis of k as 
a fcP-vector space. For a complete discretely valued field K of mixed characteristic (0,p), a p-basis 
is a set of lifts bj C Ok of a p-basis of the residue field k. 

Hypothesis 2.1.2. Throughout this section, let K he a discretely valued field of mixed character- 
istic (0,p) with separably closed and imperfect residue field. Assume that K admits a finite p-basis. 
Also, let L/K be a wildly ramified Galois extension of naive ramification degree e = cj^/k- 
particular, L/K is totally ramified and b(L/K) > 1, b\o^[L/K) > 0. 

Remark 2.1.3. This is a mild hypothesis because the conductors behave well under unramified 
base changes, and the tamely ramified case is well-studied. 
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Notation 2.1.4. For the rest of the paper, we retrieve Notation 11.1.61 namely, let J = {1, . . . ,m} 
and = J U {0}. We will save the notations j and m only for indexing p-bases and related 
variables, and j = refers to the uniformizer. 

Notation 2.1.5. We define a norm on Ok[uj+]: for h = J2ej+ ^ where aej+ G Ok-, we 

set = maxe^_,_ {|ae^+ I • 0^°/*^}. For a € ^Z>o, denote A^" to be the set of elements with norm 
< 0"; it is in fact an ideal. 

Construction 2.1.6. Choose p-bases hj C Ok and cj C Oi, of K and L, respectively. Let ko = /c 
with p-basis {bj)j^j. By possibly rearranging the indexing in bj, we can filter the extension l/k 
by subextensions kj = k{ci, . . . , Cj) with p-bases {ci, . . . ,Cj, . . . , ^-m} for j € J. Moreover, if 
[kj : kj_i] = p'"^, then Cj € kj_i. We also choose uniformizers ttk and ttl of K and L so that 
t^k/t^I = 1 (mod mi). 

Write A : Ok{uj+) /Il/k ~^ Ol mapping uj to Cj for j £ J and mq to vr^,, where Xl/x is some 
proper ideal. Let A be the composite of A with the reduction Ol ^ I- Hence, 

{uy+ \ej G {0, . . . - 1} for ah j e J, and eo G {0, . . . , e - 1}} (2.1.6.1) 

form a basis of Ok{uj+) /Il/k as a free O/^f-module. We choose a set of generators pj+ of I^/K 
by writing each (for j G J) or Uq (for j = 0) in terms of the basis (I2.1.6.ip . We say that pj 
corresponds to Cj. Obviously, pj+ generates Il/k- Moreover, 

Pj G uf' - bj{ui, Uj-i) + N^^^ ■ Ok[uj+], j G J, 

Po G u^q-ttk + ttkN^^^ ■Ok[uj+], 

where bj{ui, . . . , Um) G Ok[ui, ■ ■ ■ , uj-i] with powers on Ui smaller than p'"' for all i = 1, . . . , j — 1. 

Definition 2.1.7. The (standard) Abbes-Saito spaces AS'^^^^ for a > 1 and ^S'^^j^^^^ for a > 
are defined by taking generators to be {cj, tt^} and relations to be pj+ (see Proposition ll.2.5l fl')). 
In particular, their rings of functions are 

^AS,L/K = K{uj+,Tr]^''Vj+)/ {po{uj+) - Vb, . . . ,Pm{uj+) - Vm) , and 
^A5,L/i^,iog = K{uj+,7r],--'Vo,7r--Vj)/{po{uj+) -Vo,... ,Pm{uj+) - V^). 

2.2 The ^-function and thickening spaces 

In this subsection, we first define a function {not a homomorphism) ^ : Ok OKlSo/TrK,SjJ, 
which is an approximation to the deformation of the uniformizer ttk and p-basis as in |2H Theo- 
rem 3.2.7]. Then, we introduce the thickening spaces for the extension L/K (See |21t Section 3.1] 
for motivations). 

As a reminder, we assume Hypothesis 12.1.21 for this section; we fix a finite p-basis (bj) and a 
uniformizer ttk of K. 

Construction 2.2.1. Let r G N and h G O^. An r-th p-basis decomposition of h is to write h as 

p^ — l CO ^(r),ej,n 

^=E^y(E( E <U,,n,n')-K) (2.2.1.1) 
ej=0 n=0 n'=0 
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for some onj.-^^^j^^^n' £ U {0} ^iid some A^,,) „ G Z>o. Such expressions always exist but are 
not unique. For r' > r, we can express each of 0([r),ej,n,n' iii (|2.2.1.ip using an (r' — r)-th p-basis 
decomposition and then rearrange the formal sum to obtain an r'-th p-basis decomposition. For h G 
O^, we say that an r'-th j»-basis decomposition is compatible with the r-th j»-basis decomposition 
in (j2.2.1.ip if it can be obtained in the above sense. 

For each h G 0^\{1}, we fix a compatible system of r-th p-basis decomposition of h for all 
r G N. We define the function ^lJ : Ok OxlSj+j as follows: for h G O^, define 

p*" — 1 oo ^(r),ej.n 

^(^) = r^j,f^E(bj+^jr{Ei E <),e„„,n')(-^+'^or). (2.2.1.2) 

ej=0 n=0 n'=0 

This expression converges by the compatibility of the p-basis decompositions. Define tp{l) = 1, 
which corresponds to the naive compatible system of p-basis decomposition of the element 1. For 
h G Ok\{0}, write h = vrf^/io for s G N and ho G O^. Define ip{h) = {ttk + ^oYip'iho), where 
ip'{hQ) is the limit as in (12.2. 1.2p with respect to a compatible system of p-basis decompositions of 
/iQ (which does not have to be the same as the one that defines ■0(^o))- Finally, we define V'(O) = 0- 

Most of the time, it is more convenient to view -0 as a function on Ok which takes value in the 
larger ring OkI^o/t^k.^j}- 

We naturally extend tp to polynomial rings or formal power series rings with coefficients in Ok 
by applying ip termwise. 

Notation 2.2.2. For the rest of the paper, let TZk = OK\^id/'T^K-,^A- 

Caution 2.2.3. The map ip is not a homomorphism; this is because one cannot "deform" the 
uniformizer in the mixed characteristic case. Moreover, since K will not be absolutely unramified 
in applications, p-basis may not deform freely either. However, Proposition 12.2.51 below says that 
ij) is approximately a homomorphism. 

Definition 2.2.4. For two Oj^-algebras Ri and R2 and an ideal / of an approximate homo- 
morphism modulo / is a function f : Ri ^ R2 such that for hi G ir'^^Ri and /i2 G '/r^i?2 with 
ai,a2 G Z>o, ijihih2) - Hhi)Hh2) G and ^P{hl + /12) - ^{hi) - V'(/i2) G vr^'°^'^^'"2>I. 

Moreover, if R[ and i?2 two O^-algebras, a diagram of functions 

Ki ^ K2 

a g' 

f ", 
Ri ^ R2 

is called approximately commutative modulo I if for h G tt'^R[, g'(f'{h)) — f{g{h)) G t^kI- 

Proposition 2.2.5. Forh G Ok, we have 'il){h)—h G {5j+)-OkISj+}- Modulo Ik = p{6o/ttk,Sj)T^k, 
ip{h) does not depend on the choice of the compatible system of p-basis decompositions. Hence, ip 
is an approximate homomorphism modulo Ik- 

Proof. First, '(/'(^) — ^ G ((5j+) • O/^J^j+J is obvious from the construction. Next, we observe that 

when p^ > (3k-, in any r-th p-basis decomposition for h G O^, the sum X]n'=o^'' " "^(r) ej n n''^'K 
any ej and n in ()2.2.1.ip is well-defined modulo p. So, the ambiguity of defining iIj lies in Ik- 
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For /ii, /i2 G O^, the formal sum or product of compatible systems of p-basis decompositions 
of hi and /12 are just some compatible systems of p-basis decompositions of hi + /i2 or /11/12. Thus, 
ipihi) + V'(^2) and ^(/ii)V'(^2) are the same as ip{hi + /12) and ip{hih2) modulo Ik- The statement 
for general elements in Ok follows from this. □ 

Remark 2.2.6. From Proposition 12.2.51 we see that the ideal case is when f3K ^ 1- In contrast, 
when 13k = ^, Ik = iSo,pSj). The above proposition does not give us much information about 
■0. This is why we are not able to prove Conjecture 11.2.111 in the absolutely unramified and non- 
logarithmic case. This reflects the restraints in [3| from a different point of view, where Abbes and 
Saito formulated the dichotomy as follows. 

^^Ok/Z, ®0,k-^ ^^^^ k-dh,®k- dTTK if Pk > 1. 

Hypothesis 2.2.7. For the rest of the section, assume that K is not absolutely unramified, i.e., 
Pk > 2. 

Lemma 2.2.8. Let h € Ok- Denote dh = hodTrK + hidbi + - - -+hndhm when viewed as a differential 
in ®Ok ^- Then tp{h) — h = hodo + • • • + hm^m modulo (ttk) + (^o/'^KtSj)'^ in UK- 

Proof. For an r-th p-basis decomposition (r > 1) as in (|2.2.1.ip . we have, modulo the ideal (ttk) + 

m -h^Y^Y. E ((^^ + ^Jr4u,,n,n'i-K + dor - ^y<),e„n,n'-^ 
ej=On=0 n'=0 

p""-! 00 ^{r),ej,n XX X 

ej=On=0 n'=0 ^ ^"^ 

Taking limit does not break the congruence relation. □ 

Definition 2.2.9. Denote Sk = I^k{uj+)- For u; G n [l,/?^], we say a set of elements 
C {6j+)-Sk has error gauge > cu if i?o S {N^5q,N^+^5j)-Sk and Rj G {N^-^6q,N^5j)-Sk 
for all j G J. We say {Rj+) is admissible if it has error gauge > 1. 

Definition 2.2.10. Let a > 1. We define the standard (non-logarithmic) thickening space (of level 
a) TSf^jp.^ oi L/K tohe the rigid space associated to 

O^TS,L/K,^ = K{'j:-^-5j+){uj+)/[i^{pj+)). 

For {Rj+) C ■ Sk admissible, we define the (non-logarithmic) thickening space (of level a) 

'^^L/K R + *° rigid space associated to 

Similarly, for a > 0, we define the standard logarithmic thickening space ( of level a ) TS'^j^ ^ 
oi L/K to he the rigid space associated to 

(^T5,Wg,V = K{^-^--^5,,7:'^-5j){uj+)/{ij{pj^)). 
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For {Rj+) C {5j+)-Sk admissible, we define the logarithmic thickening space (of level a) TS'^^j^^^^j^ ^ 
to be the rigid space associated to 

Denote TSi/k,Rj+ = ^ayoTS^^j^ logR + ■ Then we have a natural Cartesian diagram for a > 

^^l}k,Rj+^ ^'^^L/K,log,Rj+^ ^TSl/K,Rj+ 



n 



n 



n 



Remark 2.2.11. Error gauge is supposed to measure how "standard" a thickening space is. Unfor- 
tunately, a standard thickening space itself depends on a very non-canonical function ip. However, 
by Proposition 12.2.51 the notion of having error gauge > to does not depend on the choice of ip if 
u> € note that the terms in pQ are all divisible by ttk, except Uq. 

Remark 2.2.12. The upshot of introducing non-standard thickening spaces (or rather thickening 
spaces which do not have error gauge > fdx) is, as we will show later, that adding a generic p-th root 
of an element of the p-basis results in the error gauge of {Rj+) dropping by one; the comparison 
Theorem 12.3.31 guarantees that as long as {Rj+) is admissible, the thickening spaces still compute 
the same ramification break. On the same issue, if Pk = 1, we can not afford to drop the error 
gauge; this is why we are not able to prove Conjecture 11.2.111 in the absolutely unramified and 
non- logarithmic case (see also Remark 12. 2. 6p . 

Notation 2.2.13. Let {Rj+) C ■ Sk be admissible. We extend A to mean the composite 

Sk/{^{pj.) + Rj. r''''"''''^' W{uj,)/{pj,) ^ O,. 

We remark that '4'{pj+) —Pj+ +Rj+ are in fact contained in the ideal oi Sk generated by 5j+. We 
denote the composition of A and the reduction Ol ^ Z by A. 

Lemma 2.2.14. Let {Rj+) C (5j+) • Sk be admissible. Then 

{uy^ \ej G {0,. . . ,p''^ - 1} for all j £ J, and cq (£ {0, . . . ,e - 1}} (2.2.14.1) 

form a basis of Sk / {ip{pj+) + Rj+) overlZK- As a consequence, they form a basis of 0!^g j^^j^ ^ 
over K{'nJ^5j+) for a > 1 and a basis of O^g j^^j^ ^ over K{'k~i^^^5q,'k^5j) for a > 0. In 
particular, the morphism H : TS^ik.r^^ — ^ ^/^[Oi^) ^ ^^[0;1) is finite and flat. 

Proof. Given an element h £ Sk / {ip{pj+) + Rj+), we first take a representative h € Sk in Sk- 
Then we can simplify it by iteratively replacing Uq and ^ hy UQ — ip{po) — Rq and Uj ^ —tpiPj) — Rj 
for j € J, respectively. This procedure converges and gives an element with the power of uq smaller 
than e and power of Uj smaller than p"^^ for j £ J. □ 
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2.3 AS = TS theorem 



In [2T], the essential step which hnks the arithmetic conductors and the differential conductors is 
the comparison theorem (|21] Theorem 4.3.6]), which asserts that the lifted Abbes-Saito spaces are 
isomorphic to the thickening spaces. In the mixed characteristic case, we do not have to lift the 
Abbes-Saito spaces. Instead, in this subsection, we prove a (slightly general) comparison theorem 
over the base field K. 

Remember that Hypotheses 12.1.21 and 12.2.71 are still assumed here. We start with a couple of 
lemmas. 



Lemma 2.3.1. Keep the notation as in Construction Then for any j G J, d{(?- 

trivial in ilj^ ^^jp modulo the vector space generated by dci, . . . ,dcj-i. 



3 \ • 

IS non- 



asis 



Proof. Since [kj : kj_i] = p'"-', d{c^ ) / in Moreover, since ci , . . . , form a b 

of ^j^f , there should not be any auxiliary relation between dci, . . . ,dcj-i (given by d{(f-^)) in 
/F ■ This proves the lemma. □ 

Lemma 2.3.2. Let {Rj+) C (5j+) • Sk be admissible. We have 



,'d{ip{pi) -pi + Ri)' 



86 j ' i,j&J+ 



Proof. It is enough to prove that the matrix is of full rank modulo ttl- By Lemma 12.2.81 and the 
admissibility of Rj+, modulo ttl, the first row will be all zero except the first element which is 1. 
Hence, we need only to look at 

(d{ip{Pi) -Pi)\ (diipih) -bi)\ ^oQoiN 
mod (7rL,5o/7rii-,(5j) = — mod (ttl, 5o/vrx, <5j) (2.3.2.1) 



i,jeJ V 86 j ^ i,jeJ 

Let aij G I denote the entries in the matrix on the right hand side of (j2.3.2.ip . where we identify 
C^K / {pj+ ,uo) —5- I. Under this identification, bi will become c^ ' for all i & J. It suffices to 
show that the i-th row is Z-linearly independent from the first i — 1 rows for all i. If we write 



^ — ''' ^ ^ei,...,ei-iCi 

ei=0 ei_i=0 



H-1 ' 



where Aei,...,ei_i G /c for which dAei,...,e-_-^ = //ei,...,ei_i,id^iH h/iei,...,ei_i,md^m, then by LemmalMill 

andbi^ \-armdbm= X]"' uT ' ' ' "^T-l {P'ei,...,ei-i,ldbi -\ \- fiei,...,e,.umdbm) 

ei=0 ei_i=0 

= d{(^ ') modulo (dci, . . . ,dci-i) 

in ^^jj, , which is nontrivial by Lemma [2.3.11 But we know that the sums ai^idbi + • • ■ + aiimdbm 
for i' < i all lie in the submodule of generated by dci, . . . , dcj_i. Hence the i-th row of the 

matrix in ()2.3.2.ip is (kj_i-) linearly independent from the first i — 1 rows. The lemma follows. □ 
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Theorem 2.3.3. If (Rj+) C {Sj+) ■ Sk is admissible, we have isomorphisms of K -algebras 

^AS,L/K — ^TS,L/K,R^ ^/ a > I, 



^AS,L/K,log ~ ^TS,L/K,log,Rj+ «■ > 0- 



Proof. The proof is similar to [21', Theorem 4.3.6]. We will match up uj+ in both rings. 

First, {uf^ \ej G {0, . . . ,p^^ — 1} for all j G J, and cq G {0, . . . , e— 1}} forms a basis of ^^j^ 

(resp. ^^^5 log) -^(^^-"^7+) (resp. K(7r]^"~^ Vq) ^^"K/)) as a finite free module. Given 
written in this basis, where , G K, we define 

(resp. \h\AS,log,a = max,^^,,,_^ {l^e.+ ^J • 0('^+l)eo+aei + ...+ae^+e[,/e|)_ 

It is clear that ^^52./^" ('^^sp. C'^^^^^j^^) is complete for this norm. The requirement a > 1 in 
the non-logarithmic case guarantees that when substituting Uq by Uq — pq — Vq., the norm does not 
increase. 

Similarly, by Lemma [2^2. 141 \ej G {0, . . . - 1} for all j G J, and eo G {0, . . . , e - 1}} 

also forms a basis of O^^j^^/^^^^^ (resp. C'T5_2./x,iog,ijj+) -^(^x"'^J+) ('^esp. K{'k]^''~'^5q,tt~^''5j)) 
as a finite free module. Given 

^= '^ej+,e'^^^y+uf+ ^O^s,L/K,Rj+ (^SP- C'T5,L/X,log,ii^+ ) 

written in this basis, where Op , pi (z K, we define 

j+' j+ 

\h\TS,a = maXg^^,,,^ {l«e,+ 4J • 0-O+-+ae„+eJ,/e| 
(resp. \h\TS,log,a = maXe^^,,,^^ {l«e,+ ,e'^J ■ 0i-+^)eo+ae^+-+ae,^+e',/e^y 

It is clear that ^xsl/kr + (resp. Cj-^ j;^/^ log /j +) complete for this norm. The requirement 
a > 1 in the non-logarithmic case guarantees that when substituting Uq by Uq — tp(po) — Rq, the 
norm does not increase. 

Define xi ■ Cas.l/j^ ^ ^ts,l/k,r,+ ('^esp. xi ■ CA5,L/K,iog ^ ^^^/^ j^^^^^^ ) by sending 
Uj+ to Mj+ and hence Vj to pj{uj+) = pj{uj+) — tp{pj{uj+)) — Rj for all j & . We need to verify 
the convergence condition for all Vj. Indeed, Proposition 12.2.5) and the admissibility of Rj+ imply 
that 

\Pj - HPj)\TS,a < e\ \Rj\TS,a < 0^ for all j G J+ 

( 6*"+^ 7 = f 6'"+^+^/'' 1=0 

(resp. \pj - ^P{pj)\TS,log,a <{ 0a j eJ ' '^J' '^^''"S''^ " \ 0<^+ye j )' 
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Now we define the inverse X2 of xi- Obviously, one should send Uj+ back to Uj+. We need to 
define X2{S.j+)- By Lemma [2. 3. 2^ 

A = := ^^MM±^) e GWi(O^) - GWi(OA-(n,+ )/(p,+ )). 

V Odj / i,]€J+ Sj+=0 

Let denote the inverse matrix in GLm+i{OK{uj+) , whose entries are written as poly- 
nomials in uj+ (using the basis ()2.2.14.ip ). Thus, 

A-^.A-IG Mat^+i((5j+) • 0!^s,L/K,Rj+) (resp. Mat^+i((5j+) • 0?^5,L/i^,iog,R, J )> (2-3.3.1) 

where / is the (m + 1) x (m + 1) identity matrix. Now, we write 



^0 \ / '^^ \ 




\ '^{Prn) Pm ~l~ Rm j Pm 

(2.3.3.2) 

the last term is just —A^^ ■ Xi(K7+)- We need to bound the first two terms. 

By (|2.3.3.ip . / — A^^A has norm < 6"'. Hence, in the non-logarithmic case, the first term in 
()2.3.3.2p has norm < O'^"'; in the logarithmic case the first term in (I2.3.3.2|) has norm < 0^", except for 
the first row, which has norm < ^^a+i _ gy ^j^g definition of A, the second term in (|2.3.3.2p has entries 
in {6j+){6o/7rK,Sj) ■ 07-5 ^./Kij +> except for the first row, which is in {So/ttkjSj)'^ ■ ^ts l/k R + ■ 
Hence, in the non-logarithmic case, the term has norm < in the logarithmic case, the term 

has norm < 0^", except for the first row, which has norm < 9'^°'^^. 

Since we want X2 to be the inverse of xij we define recursively by 

where A j+ denotes the sum of the first two terms in (j2.3.3.2p . Since A j+ have strictly smaller norms 
than 5j+ and Aj+ are in the ideal ((5j+), one can plug the image of X2[Sj+) back into X2(Aj+) and 
iterate this substitution. This construction will converge to a continuous homomorphism X2^ which 
is an inverse of xi- Moreover, from the construction, one can see that 

|X2(^,)U5,a<e^ for all jGJ+, 
|X2(5o)U5,log,a < 0"+^ and |x2(<Ji)U5,log,a < 0" for all j G J. 

Therefore, we have two continuous homomorphisms xi and X2) being inverse to each other; 
this concludes the proof. □ 

Remark 2.3.4. An alternative way to understand this theorem is to think of the thickening spaces 
as perturbations of the morphisms ASlj^ ^^^^[0, and ^ A]^[0, 9''+^] x ^™[0, 9"]. 

Abbes-Saito spaces will behave better under base change using the new morphisms. 
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2.4 Etaleness of the thickening spaces 

In this subsection, we will study a variant of [H Theorem 7.2] and ^ Corollary 4.12]. 
Remember that Hypotheses 12.1.2) and [212171 are still in force. 

Definition 2.4.1. Let {Rj+) C {6j+) ■ Sk be an admissible subset. Let ETi/j^ ji^_^ be the rigid 
analytic subspace of ^^[0, ry) x ^^[0, 1) over which the morphism 11 defined in Definition 12.2. 1(J] 
is etale. When there is no ambiguity of Rj+, we may omit it from the notation by writing ETj^jx 
instead. 

Theorem 2.4.2. Let b[L/K) he the highest non-logarithmic ramification break of L/K . There 
exists e G {0,b{L/K) — 1) such that for any {Rj+) C {6j+) - Sk admissible, [0, 6'^(^/-^)-"] C 

ETl/k,Rj+ ■ 

Proof. Recall from ^ Proposition 7.3] that 

^Ol/Ok = ®UiOl/t^TOl with ai < e{b{L/K) - e) (2.4.2.1) 

for some e > and r € N. It does not hurt to take e < b{L/K) — 1. Let = {d{tlj{pi) + 
Ri)/duj) . be the Jacobian matrix of TS'^ij^ ^ ^ over A^+^[0,6i"], whose entries are elements 

in O = 

Let a > b{L/K) — e and P = {6j+) G ^^[0, 0°] be any point. Suppose the thickening space is 
not etale at P. Then the relative differential r2i,^„ ,.m+ir„/, ^ have a constituent isomorphic 

to K{P) at P, where K{P) is the residue field at P. This implies that Coker (O — > O) has a 
torsion-free constituent at P. 

One the other hand, at P, \6j \ < 6'^ for j € J^. Hence, 

Jmod<^ = {dpi/duj)..^j+va.od'K%, 

Coker (O ^ O) (g) O/vr^ = Coker (O ^^^-^"'^ O) ® O/vr^, 

which should not have a direct summand Ol/tt^Cl according to (12.4.2. Ih because a> a-i for all i. 
Contradiction. We have the etaleness as stated. □ 



Remark 2.4.3. Theorem l2.4.2l (as well as Theorem l2.4.5l later) states that the etale locus ET^ixfij^ 
is a bit larger than the locus where TS'^j^. ^ ^ (resp. TS'^^j^^^^p^ ^) becomes a geometrically dis- 
joint union of [L : K] discs. 

The following lemma is an easy fact about logarithmic relative differentials. This is not a 
good place to introduce the whole theory of logarithmic structure. For a systematic account of 
logarithmic structures and log-schemes, one may consult |131 Section 4] and 



Lemma 2.4.4. // we provide Ol and Ok with the canonical log- structures vr^ ^ Ol and vr^ 

Ok, respectively, then the logarithmic relative differentials 

Q^^/^^ (log/log) = OLdu, e OL'^/{d{pj), dx for x^Ok). 

■ ^j Uq TTk t^k 
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Theorem 2.4.5. Let b\og{L/K) be the highest logarithmic ramification break of L/K. Then there 
exists e € {<dMog{L/ K)) such that, for any {Rj+) C {5j+) ■ Sr admissible, Aj^[0, 6'^i°s(^/'^)+i-^] x 

Proof. The proof is similar to Theorem 12.4.21 except that we need to invoke [3l Proposition 4.11(2)] 
to give a bound on fi^^^^^^ (log/log); the explicit description of $1^^^^^ (log/log) in Lemma [2.4.41 
singles out 5^ and gives rise to the smaller radius □ 



2.5 Construction of differential modules 

In this subsection, we set up the framework of interpreting ramification filtrations by differential 
modules. 

As a reminder, we keep Hvpotheses 12.1.2] and [2^2771 

Construction 2.5.1. Let {Rj+) C {5j+)-Sk be admissible. By LemmallXH H : I{-^{ETl/k) 
ETx^/x is finite and etale. We call £ = n*(On-i(-^7^^^^,)) a differential module associated to L/K; 
it is defined over ETi^/j^ and given by 

JGJ+ 

Thus, we can define the action of differential operators dj = djdbj for j G on £ and talk about 
intrinsic radius LR{£;sj+) as in Notation [LLla] ff A)^.[0, 6*^0] x • • • x A)^[0,r™] C ETl/k- 

Proposition 2.5.2. The following statements are equivalent for a > 1 (resp. a> Q): 

(1) The highest non-logarithmic (resp., logarithmic) ramification break satisfies b{L/K) < a 
(resp. b\og{L/K) < a); 

(2) For any (some) admissible {Rj+) C Sk and any rational number a' > a, 

#vrr-(rS2'/^,^^J = [L:K] (resp. ^^r^^iTSi^K.o.^R,,) = [L K] ). 

(3) For any (some) admissible {Rj+) C Sk, 71^+^0,^'"] Q ETl/k,Rj+ (resp. ^]^[0, 6'"'+^] x 
^^[0,6''*] C ETl/k,Rj+) and the intrinsic radius of £ over ^^+^0,(9"] (resp. A]^[{),e''+^] x 
A^[Q.,6"-\) is maximal: 

IR{£;a) = 1 (resp. LR{£;a + l,a) = 1). 

Proof. The proof is similar to [21^ Theorem 3.4.5]. 

(1) 4^ (2) is immediate from Theorem 12.3.31 

(2) ^ (3): For any rational number a' > a, (2) implies that for some finite extension K' of K, 
TSI/k,r,,XkK' (resp. T^^/x, log _R,+ ^kK') has [L : K] connected components and is hence force 
to be [L : K] copies of ^^+^[0,0'*'] (resp. A]^,[0,6'''+^ x ^^,[0,0^^']) because U is finite and fiat; 
in particular, n is etale there. Therefore, £ ®k K' is a trivial differential module over A^t^[Q, 6"" ] 
(resp. ^^,[0,61"'+^] x ^^,[0,6'"'']). As a consequence, 

LR{£;cD = LR{£0K';g[) = 1 (resp. LR{£;a' + l,a^) = LR{£ ®k K';a' + l,a^) = 1 ). 

Statement (3) follows from the continuity of intrinsic radii in Proposition ll.l.23l fa). 
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(3) =^ (2): (3) implies that, for any rational number a' > a, £ is a trivial differential module 
on yl™+^[O,0"'] (resp. A]^[0,e'''+^] x ^^[0,^']). Indeed, we have a bijection 

H^{A^+'[0,e-'],£)^£\s^^=o (resp. H^{A],[0,9-'+'] x AmO^'iS) ^ £\s,+ =o ), (2-5.2.1) 

whose inverse is given by Taylor series. This is in fact a ring isomorphism by basic properties of 
Taylor series. The left hand side of (j2.5.2.ip is a subring of ^^^^ ^ _^ (resp. ^^^^ logR + )' 
right hand side is just K{uj+ ) /{pj+ ) — L. Thus, after the extension of scalars from K to L, we can 
lift the idempotent elements in L^kL ~ OgeGi/K ^9 idempotent elements in O^pg j^jj^ ^ ^ ®kL 
(resp. C'T5,L/K,iog,J?j+ ®kL). This proves (2). □ 

Corollary 2.5.3. Given the differential module £ over ET^/x '^^ih respect to some admissible 
subset {Rj+) C ■ Sk, we have 

b{L/K) = min{s I A^+^[O,0"] C ET^/k and IR{£\s) = l}, and 
biog{L/K) = mm{s\A]^[0,e'^^]xA]^[0,e']^ETL/KandIR{£;s + l,s) = l}. 

In other words, b{L/K) (resp. h\og{L/K)) corresponds to the intersection of the boundary of 
Z{£) with the line defined by sq = ■ ■ ■ = Sm (resp. sq — 1 = si = • • • = Sm)- 

Proof. It is obvious from Propositions 12.5.21 and 11.1.231 □ 
2.6 Recursive thickening spaces 

In this subsection, we introduce a generalization of thickening spaces. This will give us some 
freedom when changing the base field. 

In this subsection, we continue to assume Hypotheses 12.1.21 and 12.2.71 

Construction 2.6.1. This is a variant of Construction [2TL61 First, filter the (inseparable) exten- 
sion l/k by elementary p-extensions 

k = ko ki C ■ ■ ■ <Z kr = I, 

where for each A = l,...,r, kx = A;a-i(ca) with = bx £ kx-i. Denote A = {l,...,r}. Pick 
lifts ca of ca in Ol. Let e = eo, . . . , e^o = 1 be a strictly decreasing sequence of integers such that 
Cj I Cj-i for 1 < i < tq. Set / = {1, . . . ,ro}. For each i £ I, pick an element ni^i in Ol with 
valuation ef, in particular, we take 'n'L,ro = '^L- It is easy to see that (cajITlj) generate Ol over 
Ok- So we have an isomorphism 

A:Ok{uo,i,ua)/3^0l, 

sending uo,j i— ttl^i for z G I and ua ^ cx for A G A, where 3 is some proper ideal and we use the 
same A as in Construction [27L61 Moreover, 

juj/u^f eo,» € {0, ... , ^ - 1} for alH G / and Ca G {0, . . . ,p - 1} for all A G a| (2.6.1.1) 
form a basis of Ok{i^o,i,ua) as a free O^-module, which we refer later as the standard basis. 
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We provide Ok[uo,i ,ua] with the fohowing norm: for h = ^ a^g /.ea^oY^A^ with a^o ^,eA £ 
we set 

\h\ = ma^{\a,^ \ ■ 9^'''-^-^'+-+"''-o-^-o)/^}. 

For a G |^>0) we use 91" to denote the set consisting of elements in Ok[uoj,ua\ with norm < 0"; 
it is in fact an ideal. 

In Ok {uo,i, ua) /3, we can write Uq\~^'^^' for i € / and in terms of the basis ()2.6.1.ip . This 
gives a set of generators of J: 

P0,1 G Ul^j' -diTTK + m'^'/' ■Ok[Uo,I,Ua], 

Po,^ e Uo7^/'^' - OiUo.i-i + OT(^-i+i)/^ . Oa'[uo,/,ua], i G A{1}, 
Pa G <-bA + ^^/^-OA'[uo,/,UA], 

where 9/ are some elements in Ok[uoj ,ua] whose images under A are invertible in Ol, and for 
each A, bx is some element in Ok[ui, ■ ■ ■ ,ua-i] whose image under A reduces to bx E kx-i modulo 

-KL- 

We say that px corresponds to the extension kx/kx-i- 

Definition 2.6.2. As in Definition 12.2.91 we define 6k = T^k{uo,i,ua) = OKlSo/TrK,Sj}{uoj,UA)- 
For LJ G n [1,/?^-], we say that a set of elements (1Ho,/,1Ha) C {Sj+) ■ &k has error gauge > uo 
if 9^o,i G (ai'^-i+^^/<=(5o,OT'^+"'/'=(5j) • ©X for i G / and ^x G («K^-^(5o, • &k for A G A. The 

subset (IHo./j^a) C ■ &K is admissible if it has error gauge > 1. 

Let (1Ho,/>5^a) C (5j+)-Sa' be admissible. For a > 1, we define the (non-logarithmic) recursive 
thickening space (of level a) TSI^j^^^ to be the rigid space associated to 

(^TS,L/K,mo,i,mj, = i^(V^J+)K,/,UA)/(V'(po,/) +9^0,7, V'(Pa) +5^a)- 

For a > 0, we define the logarithmic recursive thickening space (of level a) TSI^j^^^^ ^ iHa 
be the rigid space associated to 

<^TS,L/K,ios,mo,j,yiA = ^(^^^""''^o, V'5j>(uo,/,ua)/(V'(Po,7) +9^o,/,V'(Pa) + 9^a). 
We still use A to denote the natural homomorphism 

6k/{HPo,i) + 9^o.J, V'(Pa) + ^a) """^ ^^°^"'"^' W(uo,j, ua)/(Po./, Pa) Ol; 
we use A to denote the composition with the reduction Ol I- 

Lemma 2.6.3. Let (9^o,/)^a) C ■ &k be admissible. Then ()2.6.1.ip forms a basis of 

Sa' / (V'(Po,/) + 5^o,/i '0(Pa) + 5^a) OS free TZK-module, which we refer later as the standard basis. 
As a consequence, they form a basis of O^g j^^j^ ^ (resp. ^ts l/k log iHo i jRa^ '^^ ^ ^^^^ module 
overK{7r],''6j+)(resp.K{7T],''~^6o,7r],'6j)). 

Proof. Same as Lemma |2. 2.141 □ 
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Example 2.6.4. The construction of the thickening spaces in Definition 12.2.101 is a special case 
of the above construction. If we start with a uniformizer ttl, a p-basis cj, and relations pj+ in 
Construction 12.1.61 the following dictionary translates the information to fit in Construction 12.6.11 



(/ = {!}), 
the ones determined by ca and ttlj, 

Rj when A corresponds to some , and otherwise. 

Moreover, this construction preserves the error gauge. 

Conversely, we have the following. 

Proposition 2.6.5. Let (9^o,/)5^a) C {Sj+)-&k be admissible with error gauge > uj € ^f^n[l, 13k] 
Then, for any choices of cj and ttl as in Construction \2. HR. there exists an TZk -isomorphism 



CA 

P0,/,PA 



(2.6.5.1) 



for some admissible Rj+ with error gauge > uj, such that mod {5q/ttk^^j) induces the iden- 
tity map if we identify both side with Ol via A. This gives isomorphisms between the recursive 
thickening spaces and thickening spaces. 



TSf 



Tsr, 



Proof. For each j € J, express cj as a polynomial Cj in uqj and ua with coefficients in Ok via 
A^^ : Ol ^ Ca'(uo,/,ua)/(Po,/5Pa)) and set &{uj) = V'(cj)- We also set Q{uo) = Uo,ro- It is then 



obvious that for a E 



e{N'' ■ Sk) C ■ &K- 



We need to determine Rj+. For each fixed jo € J~^, since A(pj„(uj+)) = 0, we can write 

Pjoi^o,ro,ij) = '^^o,iPo,i + '^i)\P\, in Ox(uo,/,ua) 
i&i AeA 

for some f)o,i,f)A £ Ok{uoj,ua) for i £ I and A G A. Moreover, when jo = 0, we can require 
f)o,i G OT^-^'-i/^ • Ok{uoj,ua), and [)a G • Ok{uo,i,ua) for i G / and A G A. Thus, 

-e(i?,J = ^P{p,,){e{uJ+)) 

= 5]V'(f)o,*Wpo,i) + E^('^^)^(P^) + '^ 

i€l AeA 
= J]V(l)0,.)(-^0,.) + 2]V'(f)A)(-^A) + ^ 

iei agA 

im^5o,W'+^6j)-&K jo = 

where ^ G {ml^!^ 6o,m^f^K+^^6j) ■ &k if jo = and g G (OT^^^-^^o, ^^^<Jj) ■ if jo G ^; they 
correspond to the error terms coming from ip failing to be a homomorphism (See Proposition 12 . 2.5]) . 
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Thus, we can find polynomials qq, . . . ,qm G Ok[uj+] such that 

( N'^-Sk Jo = ^ J N^+^-Sk io = 



e(i?j - qo6o qm^m) e 



ido/7rK,Sj){m'^-'6o,m^5j)-eK joeJ ' 

Further, we can similarly clear up the coefficients for Sj6ji for j,j' G J. Repeating this approx- 
imation gives the expressions for Rj+. They clearly have error gauge > uj. 

The surjectivity of follows from the surjectivity modulo (^q/tt/^, which is the identity 
via A. Moreover, a surjective morphism between two finite free modules of the same rank over a 
Noetherian base is automatically an isomorphism. The theorem is proved. □ 

Remark 2.6.6. The isomorphism G is not unique. Basically, @{uq) mod {^^6q,^^~^^6j) ■ &k and 
@{uj) mod {^^^^5o,^^5j) ■ 6k for j ^ J suce fixed; any lifts of them will give a desired isomorphism 
(with different {Rj+)). 

Lemma 2.6.7. Let (5^o,/)^a) C • &k be admissible. Then an element 

h G 6k/{HPo,i) + 5^0,/, HPa) + 9^a) 
is invertible if and only if A{h) G O^. In particular, Uqj.^/ttk is invertible. 

Proof. The necessity is obvious. To see the sufficiency, we construct the inverse of h directly. 
Let be a lift of A{h-^) G in Ok{uoj,ua). We have A(l - = and hence 

1 - = c, G (5^+) . 6^. Thus, 

- = - = h^-^^ -{l + g + g^ + ■■■). 

h I- g 

The series converges to the inverse of h. □ 
We need the following lemma in the proof of Theorem 13.2.51 

Lemma 2.6.8. Keep the notation as above and let u G n Fix Aq G A. Let 5Ko,7,9^A G 

{5j+) ■ &K be an admissible set with error gauge > uj. Let c^^ be another element in k\g generating 
^Ao/^Ao-i- By Construction [KKT\ we can construction a recursive thickening space using the 
generators {^tl,/, Ca\{Ao}) '^Aq J"' variables uq,/, UA\|;s^g}, u^^ and relations pQ^,p^. Let &^ = 

'^if(uo,/,UA\{Ao}iUAo)- ^^671 there exists an TZk -isomorphism 

e : &k/Wo,i) + %,iMp'k) + ^a) ^ &k/{^{Poj) + 5Ko,/, V'(Pa) + ^a) 

for some admissible set 9^qj,9^^ G (5j+)7^a-(uo,/, Ua\{Ao}) ^^Aq) '^f error gauge > uj, such that 
G mod ((^o/vTi^, 5j) induces the identity map if we identify both side with Ol via A. 

Proof. The proof is very similar to that of Proposition 12.6.51 We first remark that to prove the 
lemma, it suffices to construct the homomorphism and find the corresponding 9^qj,9^^; this is 
because mod {do/TfK,Sj) is an isomorphism and hence G would be a surjective homomorphism 
between two free T^i^-modules of the same rank. 

Let c^^ denote a polynomial in Uqj, u\ lifting c^^^ , using the basis (I2.6.1.ip . Define the continuous 
Tli^-homomorphism G : 6^ ^ &k/ {ip{po,i) + 9^o,/, '^(Pa) +^a} by sending uq,/ t o Up^j , Ua\{Ao} 
to u^yi^^p}, and u';^^ to V'(cao)' Then, we can determine 9^qj,9^^ as in Proposition 12.6.51 by first 
estimating Q{9\qj) and G(^H^) and then approximating them by elements in □ 
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3 Hasse-Arf Theorems 



3.1 Generic p-th roots 

The notion of generic p-th roots was first (implicitly) introduced by Borger in [6]. Kedlaya [T7] 
realized that in the equal characteristic case, adding generic p-th roots into the field extension 
will not change the (differential) non-logarithmic ramification filtration; hence, one can prove the 
non-logarithmic Hasse-Arf theorem by reducing to the perfect residue field case. 

In this subsection, we assume Hypothesis 12.2.71 only, i.e., we work with arbitrary complete 
discretely valued field K of mixed characteristic (0,p) which is not absolutely unramified. 

Notation 3.1.1. Let x be transcendental over K. Define K{x)^ to be the completion of K(x) 
with respect to the 1-Gauss norm and define K' to be the completion of the maximal unramified 
extension of K{x)^. Set L' = K'L. 

Lemma 3.1.2. Let L{x)^ he the completion with respect to the 1-Gauss norm. Then, L' is the 
completion of the maximal unramified extension of L{x)^ . In particular, the residue field of L' is 
I' = k{xy^^ ■ I, which is separably closed. 

Proof. First, L{x)^ = LK{x)^ because the latter is complete and is dense in the former. So, it 
suffices to prove that L' is complete and has separable residue field. Since L' /K' is finite, L' is 
complete. Moreover, the residue field V of L' is separably closed because it is a finite extension of 
a separably closed field k{xY'^^ . □ 

Definition 3.1.3. Let hj^^ be an element in a p-basis of K. We will often need to make a base 
change K ^ K = K'((bjg + xtt^)"^''^), a process which we shall refer to as adding a generic p-th 
root (ofbjf^). It is clear that the absolute ramification degree equals Pk- If we start with a finite 
field extension L/K, adding a generic p-th root will mean considering the extension L = LK/K. 
We have Gj^^^^ = G^/j^ as K is linearly independent from L over K. By convention, we take 

~ ^ K/K is unramified. We provide K with a p-basis {^j\{jo}' i^jo + xttk)^^^ , x}, which 
has one more element than the p-basis of K. 

Proposition 3.1.4. Let L/K he a finite separable extension of complete discretely valued fields 
satisfying Hypothesis \2.1.2[ Then after finitely many operations of adding generic p-th roots, the 
field extension we start with becomes a non-fiercely ramified extension, namely, the residue field 
extension is separable. 

Proof. This proof is almost identical to [211 Proposition 5.2.3], which is stated for equal character- 
istic complete discretely valued fields and for adding p°°-th roots (see |21 l Definition 5.2.2]). 

First, the tamely ramified part is always preserved under these operations. So, we can assume 
that L/K is totally wildly ramified and hence the Galois group Gljk is a p- group. We can filter 
the extension L/K as K = Kq C • • • C Kn = L, where Ki/Ki-i is a (wildly ramified) Z/pZ-Galois 
extension and Ki/K is Galois for each i = 1, . . . , n. Each of these subextensions 

(a) either has inseparable residue field extension (and hence has naive ramification degree 1), 

(b) or has separable residue field extension (and hence has naive ramification degree p). 

We do induction on the maximal zq such that Ki/Ki-i has separable residual extension for 
i = 1, . . . ,zo. Obviously adding a generic p-th root does not decrease zq because after adding a 
generic p-th root, the naive ramification degree of K^^/K still equals to the degree p'^". Now, it 
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suffices to show that after finitely many operations of adding generic p-th roots, Ki^^j^i/ Ki^ has 
separable residue field extension (if zq < n). Suppose the contrary. 

Let g € GK^^^^/Ki^ - ^/P^ be a generator. We claim that 7 = min^go^^^^^^ (^i^«o+i ^9{x) - x)) 
decreases by at least 1 after adding generic p-th roots of each of the element in the p-basis. 

Let z be a generator of 11 over Ok ■ It satisfies an equation 

zP + aizP"^ + --- + ap = (3.1.4.1) 

where ai, . . . ,ap_i G iTi-ft'io and e with e kf^\{kf^y = k^Xik^Y- It is easy to see that 

7 = VK,^^{g{z) - z). 

Adding generic p-th roots of each of the element in the p-basis gives us a field K. Now, the 
field extension KKi^^i/ KKi^ is also generated by z as above. But we can write ap = a'^ + f3 for 
a £ (^xK ^^'^ ^ ^KK ■ Hsnce if we substitute z' = z + a into (j3.1.4.ip . we get z'^ + a[z'P~^ + 
■ ■ ■ + a'p = 0, with a[, . . . ,ap £ ■ H^nce, v^^^ ^ assumption that the extension 

KK^-^^i/KKig has nai've ramification degree 1, ttj^^^ is a uniformizer for /Ci^'j,)4.i and hence z'/vr/^.^ 
lies in O^j^^^^^. Thus, 

^' = ,eO™^'^ <^i?i^,^+,(9(^7vri^,o)-^'/vri^,o) =^^i^,o+i(9(^)-^) -1=7-1- 

This proves the claim. However, the number 7 is always a non-negative integer; this leads to 
a contradiction. Hence after finitely many operations of adding p-th roots, Kig^i/Ki^ has naive 
ramification degree p. This finishes the proof. □ 

Remark 3.1.5. It is worth to point out that, after these operations, the number of elements in 
the p-basis of the resulting field will be more than that of the original field. 

Proposition 3.1.6. Fix (3k £ N>i. If the highest non-logarithmic ramification break for any 
extension L/K satisfying Hypothesis \2.1.^ and for which the absolute ramification degree of K is 
I3k, is invariant under the operation of adding a generic p-th root, then for all such K 

(1) Art(p) is a non-negative integer for any continuous representation p : Gk GL{Vp) with 
finite local monodromy; 

(2) the subquotients FiV^ Gk/FU'^'^Gk are trivial if a ^ Q and are abelian groups killed by p if 
a G Q>i. 

Proof. (1) By Proposition 1 1 . 2 . 5l f4) . we may assume that k is separably closed and p is irreducible. 
In particular, p exactly factors through the Galois group of a totally ramified Galois extension L/K. 
We may also assume that k is imperfect and the extension is wildly ramified since the classical case 
and the tamely ramified case is well-known (Propositions [172.5( 7) and I1.2.T2]) . We need only to 
show that Art(p) = b{L/K) ■ dim/) G Z. 

Now we reduce to the finite p-basis case. Choose a finite subset Jq C J such that k(by^) 

( 1 /p" \ ^ 

is linearly independent from I for any j G J\Jo- Define K\ = K\b- ; j £ J\Jo,n £ 'Nj and 

Li = KiL. It is easy to see that [Li : Ki] = [L : K], e^^/K^ > ^l/Ki ^-nd [li : ki] > [I : k], where 
ki and li are the residue fields of Ki and Li, respectively. Thus, all the inequalities are forced to 
be equalities. This implies Gi^/^i = G^jk and Ol^ = Ol ®Ok ^Ki- By Proposition ll.2.5T 4'l. 
h{Li/Ki) = b{L/K). Therefore, we may reduce to the case when Hypothesis 12.1.21 holds. 
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Since adding generic p-th roots does not change Pk, the condition of this proposition says that 
b{L/K) is invariant under the operation of adding generic p-th roots. By Proposition 13. 1 .41 we may 
assume that L/K \s non- fiercely ramified as the base changes do not change the conductor. In this 

hj ; j € J, n € N j does not change the 
conductor. Hence, we reduce to the classical case; the statement follows from Proposition 11.2.121 

Now we prove (2), following the idea of [17^ Theorem 3.5.13]. Let L be a finite Galois extension 
of K with Galois group Gi^jx] then we obtain an induced filtration on Gj^jx. It suffices to check 
that Y'A'^Gj^ij,^ /YiV^^Gijx is abelian and killed by p; moreover, we may quotient further to reduce 
to the case where ¥\\°'~^Giix is the trivial group but FiPG^./^ is not. As above, we may reduce to 
the classical case because the ramification break of any intermediate extension between L and K 
is also preserved under the operations above. The statement follows from Proposition 11.2. 121 □ 

3.2 Base change for generic p-th roots 

In this subsection, we prove the key technical Theorem l3.2.51 We retain Hvpotheses 12.1.2] and [2T2T71 

Notation 3.2.1. For this subsection, Fix jo G J and n G N coprime to p. As in Definition ETLSl let 
K{x)^ be the completion of K{x) with respect to the 1-Gauss norm and let K' be the completion 
of the maximal unramified extension of K{x)^. Let K = K'{{bjg + xir^)^^^) and L = LK. Denote 
= + xvr^)^/^ for simplicity. Denote the residue fields of K and Lhy k and I, respectively. 

Notation 3.2.2. From now on, we use ij^K instead of ip as we will consider the ■0-functions for 
different fields. 

Notation 3.2.3. Denote IZ^ = C^|I??o/vri<-, 7?ju{,„_|_i}]]. Applying Construction I2.2.T] to K gives 

a function ip^^ : ^ic' '^^li^h is an approximate homomorphism modulo the ideal 1^^ = 

Lemma 3.2.4. There exists a unique continuous Ok -homomorphism f* : TZk such that 

f*{^j) = Vj for j € J'^Mh} and f*{5j^) = {(3jo + r/jJP - (x + r]m+i){7rK + mT - ^jo- dives an 
approximately commutative diagram modulo Ij^. 

Ok ^ OkISo/ttk, Sjj = TZk (3.2.4.1) 

r 

For a > 1, f* gives a 

Proof. It follows immediately from Proposition 12.2.51 □ 

Theorem 3.2.5. Keep the notation as above and assume that (3k > n + 1. Let a > 1 and 

ijj G n [n + 1, [5k\ ■ Let TS'^^j^ <)\j j <nA ^ recursive thickening space with error gauge > oj. Then 

'^^L/Kmai^K ^^"+^[0 e°] / ^^"''^[0,^'^] is a recursive thickening space for LjK with error gauge 
> to — n. 

The reader may skip this proof when reading the paper for the first time. Roughly speaking, 
the argument presented here is a more complicated version of Proposition 13.5.41 
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Proof. Step 1: Cases of extension Oj^/Op.. 

If b^Jj' ^ /, we have I = kl and hence Oj^ = Oj^ ®Ok ^l- Consequently, 7Tl,i,ca generate 
Oj^/Oj^. In this case, constructed in Definition [2. 6. 2 1 is isomorphic to &k®tIkJ*'^k' We have 

ei^/(V'i^(po,/) + ^0,/, V'k(Pa) +5^a) ^UkJ* T^k 

^ e^/(r(^i,(Po,/)+^o,7), r(V'x(PA)+^A)) 

- e^/ (V';?(Po,7) + 7*9^0,/ + ^0,/, V'^(pA) + r9^A + e;A), (3.2.5.1) 

where £o,i G (^^^-^+'^^/'^??0, ^^^+"'/"??ju{m+i}) • for i G / and G (9T^^-^r?o, ?I^^ f?ju{^+ i}) • 
S ^ for A G A are the error terms coming from the approximately commutative diagram (j3.2.4.ip . It 

is then clear that (j3.2.5.ip gives a recursive thickening space for L/K with error gauge > c<j > u — n. 

From now on, we assume that b^^ E which is the essential case. The difficulty comes from 

that ttlj, ca do not generate Oj^ over O^^ (although they do generate L over K). Using the notation 

in Construction I2.6.T| Let Aq be the smallest A such that /ca+i = ^A(^jo^)- We need to change the 
generator caq to an element which gives exactly one of the following two cases. 

Case A: an inseparable extension l/l{xY'^^ which happens when L/K has naive ramification 
degree e; 

Case B: a ramified extension of naive ramification degree p which happens when L/K has naive 
ramification degree ep. 

Step 2: Find the generators of Oj^/Op.. 

Denote V = LK', which has residue field /' = 1{xY^p. Then, we have Ol' = Ok' ®Ok ^l- 
Hence, Oj^ ®Ok — Oj^ ®Oj^, Cl' ^ CPj. We may extend the valuation vl'(-) to L by allowing 
rational valuations in Case B. Let fjj^ — jjL for jj, G O^i be an element achieving the maximal valuation 
under t'L'(-) among fij^ + Oy. 

Claim: we have a = VLi{(3jQ — < en/p and 

in case A, the reduction of caq = '^L^'if^jo — ^) in / generates I over I' , in which case we set 
d = 1 for notational convenience; 

in case B, t'L' (tt^^ (/Sjo ~ /")) ~ ^/P some d G {1, . . . ,p — 1}, in which case we fix a d-th 
root TTj^^^_^_^ of TTi^°'\Pjo — fJ-), which generates the naively ramified extension Oj^/Oll 

Proof of the Claim: We have the norm — Pj^) = — (bj^ + xir'^). Since there is no 

/i G Ol' that can kill the xvr^ term (note Pk > n + 1), ^^'(Nj^^, (/J^q — n)) < en and the first 
statement of the claim follows. When a ^ N, we are forced to fall in Case B, and we can take 
dth root of T^i^^^^Pjo — fj,) in L because the residue field [ is separably closed. The claim follows. 
Now consider the case a G N. Assume for contradiction that the reduction of caq lies in Then 
there exists /u' G O/,' such that /u'/vr^ = ca,, (mod tn^;). But then Pj^ — — fi' would have a bigger 
valuation, which contradicts our choice of fi. This proves the claim. 

Step 3: Substitution. 

By Lemma 12.6.81 we may assume that Caq = /3jo in I. Thus, /i in Step 2 is congruent to 
caq modulo the maximal ideal m-L'- In particular, if A : C)j^(uo,/,UA)/(poj,pA) ~ C'^ 
is the canonical isomorphism, we can write A~^(//) using the basis (|2.6.1.ip as Uaq + f) with i) G 
m^/^ ■0^{uo,i,ua). 
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We make a substitution x ■ C)^{uoj,ua) Oj^{u/^\{Xo}^^'^)ho,i} by sending uq,/ and Ua\{Ao} 
to themselves but Uaq to an element so that xi^Xo) = Pjo ~ ~ ^(Tro'^'^- Then, x induces an 
isomorphism 

0^.[^](uo,/,ua)/(Po,/,Pa) ^ 0^[^](uo,/,ua\|Ao},o'')/(x(Po,/),x(Pa)) ^ L. (3.2.5.2) 

Let 01" be the ideal in Oj^{u/^\^Xo}^ '^'^)I^o,i"l generated by x(^")) for « ^ e^>o- By Lemma [2.6.71 
we may replace x(pAo) on the right hand side of (j3.2.5.2p by Ug'^jq for some q G Oj^{uoj, Ua\{Ao}; ^'^) 
which is congruence to 0*^^ — 3 modulo ^^/"^ for some 3 € 0^[ua\{Ao}]- 

Let 6'~ = 7^^(ua\{Ao}) '^'^)[[i^o,i'l- Define the continuous 7^^-homomorphism x '■ '^tZkJ* 
&~ by sending uq,/ to Uq,/, Ua\{Ao} to Ua\{Ao}> and Uaq to ^-^^ (x(uao)) • It induces a natural 
homomorphism 

A := 6K/{i^K{pO,l)+^0,I,i^K{pA)+^A) (S)nKj''^K 

- &K®nKj* 7^^/(rv'if(po,/) + r(^Ho,/),/>i^(PA) + r(^HA)) 

^ ey(V'^(x(Po,/)) + x(9^o,/) + C?o,/,V'^(x(pA))+x(5^A) + e;A) =:^', (3.2.5.3) 

whereto,. G (^'3^-^+^-i/^r/o, ^'5^+'^-i/^7?ju{„+i})6 ~ for i G / and £a C (^^^_^^'^^r?ju{m+i}) S'- 
are the error terms coming from the approximate commutative diagram ()3.2.4.ip . Moreover, 
■4^ [ ] = w4.'[i] is finite and free over "T^^f^] with a basis given by 

|uJ/u]^^^Ya«Jo^'^o eo,i G {0, . . . , ^ - 1} for alH G / and eA G {0, . . . ,p - 1} for all A G a|. 

(3.2.5.4) 

Hence, (j3.2.5.3p gives an isomorphism A[^] = ~ "^'tpl because it is a surjective 

homomorphism between two free 7^^[|]-modules of same rank. 

Step 4: We can simplify A'[^] in (I3.2.5.3P as in Lemma ESIS 

By LemmaEMl we may replace V'if (x(pAo)) + x(^Ao) + ^Ao m (jSXOD by ujjj"] (V^(q) + 9^q) 
with G (9T'^-^-P[''l/^?/o,^'^"^'"l/'^??ju{m+i})e'~. Hence, 

A^] - e^[^]/(V'x(x(Po,/))+x(^0,/) + ^0,/,V'^(x(pA\{Ao})) + X(9^A\{Ao}) + e?A\{Ao},V'i?(q)+^^^ 

(3.2.5.5) 

Now, We write (x(po,»)) + x(9^o,i) + ^o,* - v^l^''^ ^ ^ ^' ^i?(x(PA)) + x(5^a) + ^ a - < 
for A G A\{Ao}, and ^j^(q) + 9^q using the basis of (j3.2.5.4p . This amounts to modifying the above 
elements using equations in p.2.5.5p with multiples in S^. Hence, this will not decrease the error 
gauge. In other words, we may rewrite ()3.2.5.5p as 

^'[i] ~ 6^[i]/(V',?(po,/) +^o,/,V'^(Pa\{Ao}) +^A\{Ao},V';?(q) +^q), (3.2.5.6) 
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where 

^o,i G (^^~^"''["]/"+^'-i/^r/o,^^-P["]/'=+^'-^/'^r/ju{„+i})6^. for i £ I, 
G (^"-'-^f"l/^%,^"-P[°]/'=??ju{m+i})6~ for A G A\{Ao}, 

If we are in Case A, Po,/) Pa\{Ao}) ^ S^^^ t^is relation for the recursive thickening space for L/K 
with generators ttl,i, Ca\{Ao}> ^Aq- It is admissible with error gauge > uj — pa/e > lo — n. 

Step 5: In Case B, we need to take the "d-th root" of d'^. 

If d = 1, Po,/) Pa\{Ao}i ^ relation for the recursive thickening space for L/K with 

generators ttlj, Ca\{Ao}) ^Aq- It is admissible with error gauge > uj — p[a]/e — 1/ e > uj — n (Since 

now corresponds to a uniformizer, we have to take off an additional 1/e from the error gauge.) 

If d > 1, q is not the right equation to generate O-^jO^^. We will take a "d-th root" of "iAj^l^) + 
^Kg- From Step 2, we can find G C'f>(uo /, UA\|An>) such that A(c)o)°' = vr- mod vr-^"*^ 

Define = 7e^(uA\{Ao}, t))[[uo,/]]. For a G iZ>o, let 9^1^ be the ideal of ©^(uq,/, Ua\{Ao}, o) 
defined for L/i(' as in Construction 12.6. 1[ 

We write V'x(^) + as 

dP'^-c)^ + (^^(q)-tiP'^ + c)^ + ^q). 
By Lemma 12.6.71 is invertible in A. We set q' to be the sum of and 

viewed as an element in and written in the standard basis (j3.2.5.4p . Also, we set to be 

it is an element in 
Therefore, we get 

^" = 6^/(^^(pO,/) +^0,7,V'^(Pa\{Ao}) +^A\{Ao},V'^(q') +^'q), 

which is isomorphic to a recursive thickening space for LjK with error gauge > cj — (p[a]+(i— l)/e > 
a; — n, by a similar simplification argument in Step 4. 

We have a natural homomorphism A". Conversely, let d' G {2, • ■ ■ ,p — 1} such that 

dd' = 1 + Dp for some G N. Then 
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Recursively substituting d back into (j3.2.5.7p . we recover D from v'^. Thus the homomorphism 



isomorphism. The theorem is proved. □ 



A [-] -^'in] is surjective between two finite free 7^^-modules of the same rank. Hence it is an 



Remark 3.2.6. We expect that when u; and hence fix is "large" compared to [L : K], The- 
orem 13.2.51 is also valid if we add a generic p°°-th root (defined in [2H Definition 5.2.2]); this 
amounts to control the discrepancy between and '^Ok ^l- Hence, in this case, one would 
be able to obtain a comparison theorem between the arithmetic Artin conductor and Borger's Artin 
conductor [6j as in [211 Subsection 5.4]. 

3.3 Non-logarithmic Hasse-Arf theorem 

In this subsection, we apply Theorem 13.2.51 to obtain the Hasse-Arf Theorem for non-logarithmic 
ramification filtrations. 

We assume Hypothesis 12. 1 . 2l until stating the last theorem. 

Notation 3.3.1. Keep the notation as in Construction [2TL61 Fix Jq £ J and n G N. Let K = 

K'{{bjo + X7r^)i/P) as in Notation [3231 Denote pj^ = {bj^ + xvr^)^/^ for simplicity. 

Lemma 3.3.2. Assume p \ n and Pk > n. Let aj+ C M>o and oq = ajg = Om+i > ™ax{^5x' 
Define a'j = aj for j € J^\{jo} and a'j^ = aj^ + n — 1. The morphism f* defined in Lemma \3.2.4\ 
restricts to a morphism 

f : A^[ro,r"] X ••• X ^i.[^«-+i,r'"+i] ^^i^[6)«o,ro] X ••• X A]^[e'''"^,d<]. 
In other words, we change the jo-th radius from ajg to + n — 1. 

Proof. It suffices to verify that if Ir^ol = \rjjc\ = |??-m+i| = G^°, then |(5j(,| = ^°o+"--i- indeed 

which has norm 0"-o+n-i because the second term does and other terms have bigger norms. □ 

Lemma 3.3.3. Keep the notation as in the previous lemma. Let £ be a differential module over 
A],[0,9'^o] X • • • X ^),[0,e<], then IR{f*£;aj+) = IR{£;a'j^^^^^^^). 

Proof. The morphism /* induces a homomorphism on differentials: d5j i-^ dr]j for j S J^\{jo} and 
dSjo ^ piPjo + VjoT'^drjjf^ + {ttk + r]o)'^dr]m+i + n{x + 7]m+i){iTK + r]oT^'^dr]o. Thus, 

dj\f*£ = djle, j G J\{jo}, 

^ol/*f = dQ\£ + n{x + r]m+i){T^K + r]oT~^ ■djQ\s, 
where d'^ = d/drjj for j = 0, . . . , m -|- 1. Thus, 

/iij(r^;ajH-u{^+i}) = IRj{£-.a'j+) Vj G J\{io}, 

-^-Rm+i(/*^'; aj+u{m+i}) = ■ IRjo{^',a'j+), 

IRo{f*£;aj+u{ra+i}) = ra'^n{lRo(.£,a'j+),IRjo{£;aj+)}, 
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where the second inequahty follows from Proposition 11.1.191 and the last equality holds by Proposi- 
tion [LlTTZl since X is transcendental over K. It follows that IR{£; a'j+) = IR{f*£'-, Q^j+u{m+i})- 1^ 

Theorem 3.3.4. Let L/K he a finite Galois extension satisfying Hvpotheses \2.1.^ and lK277\ The 

highest non-logarithmic ramification break of L/K is invariant under the operation of adding a 
generic p-th root. 

Proof. Adding a generic p-th root corresponds to setting n = 1 in the notation in this subsection. 
Fix a choice of "0^^ in Construction [2?27T1 Let TS'^^j^^^ be the standard thickening space for L/K. 
By Example 12.6.41 we can turn this standard thickening space into a recursive thickening space 
(with error gauge > I3k)- By Theorem 13.2.51 TSf^jj^^^ ^A^+^p e^] / ^^"^[^^G""] is a recursive 

thickening space for L/K with error gauge > f3K — 1, which is isomorphic to some thickening space 
for L/K hy Proposition 12.6.51 

Let £ be the differential module over A^'^^[0,0'^] coming from TS'^j^ Then the dif- 
ferential module f*£ is associated to L/K. Applying Lemma 13.3.31 (to the case n = 1) gives 
IR{f*£;s) = IR{£;s) for s > h{L/K) - e with e > as in Theorem [2X2l The theorem follows 
from Proposition 12.5.21 □ 

Combining Theorem 13.3.41 and Proposition 13.1.61 we have the following. 

Theorem 3.3.5. Let K he a complete discretely valued field of mixed characteristic (0,p) which is 
not absolutely unramified. Let p : Gk GLiVp) be a representation with finite local monodromy. 
Then, 

(1) Kit[p) is a non-negative integer; 

(2) the subquotients FiY^Gk /Fil^~^GK cire trivial if a ^ Q and are ahelian groups killed hyp if 
a G Q>i. 

3.4 Application to finite flat group schemes 

This subsection is an analogue of [21^ Section 4.1] in the mixed characteristic case. 

We first recall the definition [1] of ramification filtration on finite flat group schemes. 

Convention 3.4.1. All finite flat group schemes are commutative. 

Definition 3.4.2. Let A be a finite flat Oj^-algebra. Write A = Ok[xi, ■ ■ ■ , Xn]/T with 2 an ideal 
generated by fi, . . . , fr- For a > 0, define the rigid space 

X^ = {{xi,...,Xn)e Alio, 1] I |/i(xi, . . . , x„) I < e^ i = 1, . . . , r} . 

The highest break h[A/OK) of A is the smallest number such that for all rational number a > 
b{A/OK), #7rf°°'(X") = ranko^^. This is the same as Definition [L23] if A = Ol] but in 
notation, we use the ring of integers instead of fields themselves. 

Definition 3.4.3. Now we specialize to the case when G = Spec^ is a finite flat group scheme. 
We have a natural map of points G{K^^^) ^ X'^{K^^^). Further composing with the map for 
geometrically connected components, we obtain 

a" : G(i^^'s) ^ X^iK"-^^) vrf """(X"). 

One can show that ■^^'"^{X"') has a natural group structure and is a homomorphism. Define 
G"" to be the Zariski closure of ker a". 
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Lemma 3.4.4. [U Lemme 2.1.5] Let K'/K be a (not necessarily finite) extension of complete 
discretely valued fields of naive ramification index e. Let A be a finite flat Ox-algGbra which is a 
complete intersection relative to Ok- Put A' = A ®Ok ^K' S then b[A' / Ok') = e • b{A/OK)- 

Definition 3.4.5. We say that the finite flat group scheme G is generically trivial if G x^^. i^' is 
disjoint union of copies of Spec with some abelian group structure. 

Theorem 3.4.6. Let G = Spec A be a generically trivial finite flat group scheme over Ok- Then 
b(A/OK) is a non-negative integer. 

Proof. Let gcd(ni,n2) = 1 and let Km and be two tamely ramified extensions of K with 
ramification degree rii and n2, respectively. By Lemma 13.4.41 it suffices to prove the theorem for 
G ^Ok ^Kn^/ Ok„^ and G C'xnj/^^na ' respectively. Thus, we may assume that f5K > 2. The 
theorem follows from Theorem 13.3.51 and the same argument as in |2H Proposition 5.1.7]. □ 

3.5 Integrality for Swan conductors 

In this subsection, we will deduce the integrality of Swan conductors from that of Artin conductors 
(Theorem I3.3.5p . We will use the fact that the logarithmic ramification breaks behave well under 
tame base changes. 

We will keep Hypothesis 12.1.21 until we state Theorem 13.5.111 

Notation 3.5.1. Let n € N such that n = 1( mod ep). Define Kn = -ftr(7r]^") and L„ = LKn- Since 
Kn and L are linearly independent over K, Gal(L„/X„) = Gal(L/i^). We take the uniformizer of 
Kn and L„ to be -kk^ = ^r)/"' and tt^^ = ttl/tt^^ ^)/'^ ^ respectively. 

Notation 3.5.2. Denote TZk^ = ^-ft'n ' "^jI • Applying Construction 12. 2. T] to K^ gives an 

approximate homomorphism tpK„ ■ Ok„ OkAvo/t^k^iVA- 

Lemma 3.5.3. There exists a unique continuous O k -homomorphism f* : TZk T^K„ sending 6q 
to (ttKu + — T^K o,nd 6j to rjj for j & J. This gives an approximately commutative diagram 
modulo Lk^ = p{vo/'^K„,Vj) ■ T^K„ ■ 

OK^^OKlSo/7TK,Sjj 

fn 

Ok^ Ok„ Im/T^Kr. , vA 

Proof. Follows from Proposition 12.2.51 □ 

Proposition 3.5.4. Fix a > 0. Let TSI^p.^^^^^ be the standard logarithmic thickening space. 
Then the space 

is a logarithmic thickening space for Ln/Kn with error gauge > n^K — {n — 1); in particular, it is 
admissible. 
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Proof. First, we have 

Sk Kn - OxJr?o/7r^„,r?jl[i](n^+)/(/*(V'i^(pj+))). 

Now we consider a construction of the logarithmic thickening space of Ln/Kn, using the same 
cj for a p-basis of Ln and ttl^ in Notation 13.5.11 for a uniformizer of L„. Therefore, the ideal Ii^jj^^ 

is generated by p'j+ and p'q/t^'^^ , where the prime means to substitute uq by vr^^ ^^^'^u'q. 
Lemma l3.5.3l implies that 

- mK{p',))/{7^K^ + ^o)"-^ e <+^rf/-So,Pw) • (3.5.4.1) 
where Sk^ = 0/^,j7?o/vrj^„, r/j] (u'q, uj). Hence, 

Sk ®Ok Kn = Oi^J%/vri^„,r?jl[^](n[„nj)/(/:(VK(p'o)),/:(^i^(p'j))) 
= '5/^n[^]/(/:(V'/^(Po))/(v^i.„+%)"-^/:(^i^(/J))) 

gives rise to logarithmic thickening spaces for Ln/K^ with error gauge > n(3K — [n — 1)] note that 
the tame ramification of degree n results in a different normalization on error gauge. □ 

Proposition 3.5.5. There exists G N and aj^jx G [0,1] such that, for all integers n > N 
congruent to 1 modulo ep, we have 

n ■ h\og{L/K) = b{Ln/Kn) - ai/K- 

Proof. By Construction 11.1.161 /* gives a finite etale morphism /„ : ^]^^ [0, 6*^/") x ^^^[0,1) 
A]^[{),0) X ^^[0,1) for a > 0. Let £ denote the differential module associated to L/K coming 
from a standard logarithmic thickening space. By Proposition 13. 5. 4^ /*f is a differential module 
associated to Ln/Kn- In particular, 

ETl„/k„ D ETl/k XAj,mxA^.[o,i),u ^k[0,^'/") X AT,„[0,1) =: f:{ETL/K) 

The morphism /„ is an off-centered tame base change, as discussed in Subsection II. 1[ By 
Proposition 11.1.171 for sj+ C M such that A]^[0,e''o] x ••• x A)^[0,r™] C ETl/k, we have 
IR{f*£; sj+) = IR{£- sq + sj). Thus, by Corollary [2331 

h{Ln/Kn) = n ■ min {s \ ^^+^[0,^] C ETl„/k„ and IR{f*£;s) = l} 

= n-mm{s\A'J^+'[0,e']Cf*{ETL^K) and = l} (3.5.5.1) 
= n • min {s\A]^[0, x A]^ [0, 6'] C ETl/k and IR{£; s + (n - l)/n, s) = 1 } , 

where the second equality holds because we will see in a moment that the minimal of s can be 
achieved inside f^ET^jx, if n is sufficiently large. 

Applying Proposition ll.l.23r c) to f, we know the locus Z[£) = {{sj+)\IR{£;sj+) = 1} is 
transrational polyhedral in a neighborhood of \b\og{L/ K),+oo)'^~^^ , namely, where £ is defined. 
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Hence, in a neighborhood of si = b\og{L/K), the intersection of the boundary of Z with the surface 
defined by si = • • • = Sm is of the form 

So - a'si = b\og{L/K) + 1 - abiog{L/K), 

where a' is the slope; a' € [— oo,0] by the monotonicity Proposition ll.l.SST cl. When n ^ 0, it is 
clear that the line s i-^ (s + s, . . . ,s) hits the boundary of Z at s = b\og{L/K) + l/(n(l — a')). 
This justifies the equality in (j3.5.5.ip . It follows that 

b{LjKn) = n ■ biog{L/K) + 1/(1 - a'); 

the different normalizations for ramification filtrations on Gk and Gk„ give the extra factor n. □ 

Remark 3.5.6. With more careful calculation, one may prove the above proposition and Propo- 
sition 13.5.91 below for any n sufficiently large and coprime to p. 

Notation 3.5.7. Assume p > 2. Let (bj) be a p-basis of K; it naturally gives a p-basis of Kn. Let 
Kn{x j)^ denote the completion of Kn{xj) with respect to the (1, . . . , 1)-Gauss norm, and let K'^ 
denote the completion of the maximal unramified extension of Kn{xj)^. Set 

Kn = Kiibj + xj^lJIP), L„ = KnL. 

Denote (3j = {bj + XjT:\J^/P for j G J. By Lemma[3231 we have a continuous O^-^-homomorphism 
/ : OKjm/^K^.vA ^ Oi?jeo/vri^„,eJ,eSl such that /*(r?o) = Co and Pir,^) = {(5, + CjY - 
{xj + e')(vri^„ + ^0? - bj for j G J. For a > 1, it gives rise to / : A^-P^+^[0,e^] ^ ^^+^[0,^1 ^ 
^K„ ^ ^K„ "'^^"']) where the last morphism is the natural inclusion of affinoid subdomain. 

Proposition 3.5.8. Assume p > 2, /3k > and a > 1. Let X be as in Proposition \3. 5.4\ 

Then the space 

^ ^ [A],^ [0,e"+i/n] xA-^ [0,9-]) J ^^^^ [0' ^"^^Z"] 

is a thickening space for Ln/Kn with error gauge > nf3K — 2m — n+\; in particular, it is admissible. 

Proof. It immediately follows from Proposition 13.5.5] and applying Theorem 13.2.51 m times. □ 

Proposition 3.5.9. Assume p > 2 and (3k ^ 2. There exists G N such that, for all integers 
n > N congruent to 1 modulo ep, we have 

n ■ hog{L/K) - 1 = b{Ln/kn) - 2aL/K. (3.5.9.1) 

where a^jK is the same as in Proposition \3.5.R 

Proof. We continue with the notation from Proposition 13.5.51 Previous proposition implies that 
f*fnS is a differential module associated to Ln/Kn when n > m. By applying Lemma [3.3.31 
m times, we have LR{f*f*£;s) = LR{f*£; s, s + By Proposition ll.l.lTl it further equals 
LR{£; s + s + By the same argument as in Theorem I3.5.5| we deduce our result with the 
same a^^K- ^ 
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Remark 3.5.10. When p = 2, we study Kn = K^(^{bj + xjirj^^y^^^ instead; the same argument 
above proves the proposition with ()3.5.9.ip replaced by 

n ■ biog{L/K) - 2 = b{Ln/Kn) - 3aL/K- 

For the following theorem, we do not impose any hypothesis on K. 

Theorem 3.5.11. Let K be a complete discretely valued field of mixed characteristic {0,p) and let 
p : Gk GLiVp) be a representation with finite local monodromy. Then Swan(/3) is a non-negative 
integer if p ^ 2 and is in if p = 2. 

Proof. First, as in the proof of Proposition I3.1.6t we may reduce to the case when p is irreducible 
and factors through a finite Galois extension L/K, for which Hypothesis 12.1.21 hold. In this case, 
Swan(p) = biog{L/K) ■ dim p. 

By Proposition I1.2.5l f4). we have Swan{p\K,J = ^ ■ Swan(p) for any Kn = -ftr(vr]^") with 
gcd(n, ep) = 1. We need only to prove Swaii(p\x„) S Z for two coprime n's satisfying gcd(n, ep) = 1, 
and the statement for Swan(p) will follow immediately. In particular, we may assume that > 2. 

When p > 2, we use similar argument as above. There exist ni,n2 satisfying the condition 
of Propositions [3331 and [ 3.5.91 and gcd(ni,n2) = 1. Thus, by the non-logarithmic Hasse-Arf 
Theorem I3.3.5[ 

niSwan(p) + a^/x dimp € Z, niSwan(p) + 2ai/x dimp G Z; 
n2Swan(p) +a^/xdimp G Z, n2Swan(p) + 2ai/j^ dimp £ Z. 

This implies immediately that niSwan(p), n2Swan(p) € Z; hence, Swan(p) € Z. 

When p = 2, a similar argument using Remark 13.5.101 gives Swan(p) € ^Z. □ 

Remark 3.5.12. When p = 2, we expect the integrality of Swan conductors in the case K is 
the composition of a discrete completely valued field with perfect residue field and an absolutely 
unramified complete discrete valuation field. In this case, we can factor tpK as Ok — > OkISq/ttr} — ^ 

1^0 1 T^K ! <^j] with the second map a homomorphism. This fact may allow us to show that ai /x 
is either or 1 depending on whether Oq dominates. 

We do not know if Swan(p) when p = 2 in general. 

3.6 An example of wildly ramified base change 

In this subsection, we explicitly calculate an example, which we will use in the next subsection. 
This example was first introduced in [n\ Proposition 2.7.11]. We retain Hvpotheses 12.1.2] and [2T2T71 

Lemma 3.6.1. Let K^, be the finite extension of K generated by a root of 

TP + 7r kTP^^ =TTK. (3.6.1.1) 

Then K^, is Galois over K . Moreover the logarithmic ramification break biog{K^,/K) = 1. 
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Proof. Let h{T) = — -kkT^ ^ — ttk and zu a root of h. It is clear that ru is a uniformizer of K^. 

h{w + T) = {w + Tf + ^k{^ + TY-^ --KK 

= TP+ p{voTP-^ + • • • + wP~^T) + ttk{TP-^ + {p - 1)vdTP-^ + . . . + (p _ l)^^-^^), 
h{w + w'^T) = vj^PTP + TTK {w^P-^TP-^ + {p- l)w^P'^TP-^ + . . . + (p _ l)wPT) 
+p{w^P-^TP'^ + ■■■ + wP+^T) 
= 7r|((l - wP-'^ fTP + mP-\l - vjP-'^)TP~^ + • • • + (p - 1)(1 - vjP-^)T) 
+Pttk{1 - {mP-^TP^^ + --- + WT). 

We see that h{zu + w'^T)/TTj^ is congruent to TP — T modulo zu. By Hensel's lemma, it splits 
completely in ET*. Hence, K^^/K is Galois. Moreover, the valuation of the difference between two 
distinct roots is 2. This implies that b\og{Kif/ K) = 1. □ 

Notation 3.6.2. Denote the roots of h{T) = TP + ttkTP~'^ - ttk by 

For a > 0, the standard logarithmic thickening space TS'^ //fiogV^ K^/K is given by 

Lemma 3.6.3. Assume a> 1. The standard logarithmic thickening space TS'^ /KiogipK ^kK^, is 
isomorphic to the product of A^Jfi^O""] with the disjoint union of p discs \z — tu^l < 0"-^(P^'^yp for 
7 = 1, . . . ,p. 

Proof. We can rewrite zP + {ttk + 6o)zP~^ — {ttk + <^o) as 

p 

W{z-w^)=5q{1-zP~'^). (3.6.3.1) 

7=1 

Since \z\ < 1, the right hand side of ()3.6.3.ip has norm < 6^^^ < 9^. On the left hand side, for 
7 7^ 7' G {1, . . . ,p}, \uj^ — ■UD^i \ = (P'Ip . This forces \z — w^f^ \ for some 70 G {1, . . . ,p} to be strictly 
smaller than the others. Thus, \z - ro^J = {^'^'^Y'^ = O'^-^p-'^^p. □ 

Notation 3.6.4. For 7 = 1, ... we define the Ox-homomorphism /* : Ox [(5o/7r_ft:] — > Ok, ivo/'^'r} 
by sending Sq to 

. ^T'^^'^l.^ -7rK = f:{i^, + vor-^'-'^ - . (3.6.4.1) 

Lemma 3.6.5. For a> I, f* induces a K-morphism f^ : A)^JO, 6''^~(p~^)/p] — > A]^[0,6'^^^], which 
is an isomorphism when we tensor the target with over K. Moreover, if we use Fa+i and 
-^a_(p_2)/p denote the completion of K{5q) and K:^{r]Q) with respect to the O""^^ -Gauss norm and 
0°-~^^p~'^)Ip -Gauss norm, respectively, then f* extends to a homomorphism Fa+i Fa-{p-2)/p- 

Proof. The statement follows from the fact that the leading term in (j3.6.4.ip is {2p — l)vj^~'^riQ. □ 

Proposition 3.6.6. Assume a > 1. Let £ he a differential module over A^[0, ^'*^"'^] . For each 
7 G {1, . . . this gives a differential module f*£ over A)^^[0, 6'""'^^"^)/^]. Then we have 

Ii?o(/:^; a-{p- 2)/p) = IRo{£; a + 1). 
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Proof. The proof is similar to Proposition 11.1.171 By Lemma 13.6.51 we have the following commu- 
tative diagram 

f* 



Fa+1 

f* 



■F.+ilvr-'^-irolo 



/ gon 



where we extend /* by fliT^ 



-'olio 



{w^ + r/o + T(^)P 

l-{w^ + m + 1 - K + r?o)^-i ' 

We claim that for r G [0, 1), /* induces an isomorphism between 



Indeed, if |r^| < rr-(P-2)/p^ ^^^^ 



l-{w^ + r]o + r^)P-i 1 - (ro^ + r/o)P-i 
= ((tz7^ + r?o + T^)'' - (tz7^ + %)^) + ((^7 + % + ^o)'''"' - (^7 + %)'^"') + • • • 



Hence, ITqI = 0(2p-2)/p . |r^| < rO". 

Conversely, if \Tq\ < r0", we rewrite the above equation as 



1 



(2p-l)(ti7^ + r?o)2p-2 



(3.6.6.1) 



We substitute (j3.6.6.ip back into itself recursively. The equation converges to an expression of Tq. 
Therefore, Lemma 11.1.151 implies that for r G [0, 1), 



IRo{£]a + l) < r 
^ fgen{£ ® Fa+i) is trivial on A^p^^^ [0, r^'^+i) 

^ AVgenl^ ® Fa+l) = f^Uf*^ ® K-(p^2)/p) t^vial OU 

4^ IRo{f;£;a-{p-2)/p) <r. 
The proposition follows. 



a-{p-2)/p 



[0, r6l' 



■a-(p-2)/p 



□ 



Construction 3.6.7. Fix a p-basis (bj) of iC; it naturally gives a p-basis of K^,. Fix a choice of 
'4'K ■ Ok — > O_ft:[[<5o/vrft:, 5j\ as in Construction 12 . 2 .Tl We will use the method in Construction 12 . 2 .T] 
to define ipK*,"/ for 7 = 1, . . . , such that the following diagram commutes. 



(3.6.7.1) 



7 
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For any element h E Ok,, first write h = X]f=o hiwl^ where hi € Ok- As in Construction [2^2711 
write each of hi as /i°7r^ for Cj = vxihi) and h° € O]^; choose a compatible system of r-th p-basis 
decompositions of h° as 



ej=0 n=0 n'=0 

for some ai,{r),ej,n,n' ^ U {0} and some Xi^(r),ej,n ^ ^>o- We take the system of r-th p-basis 
decompositions of h/wj'^'*^^^ to be 

, ^ p— 1 p*" — 1 OO -''»•{'■) " • " 

n 1 



E E ( E ( E <iru.nj i^V + -r^ + • • • r^') 



"7 ^7 i=0 ej=0 n=0 n'=0 

and define ipK,,i{h) to be the limit 

p— 1 p"" — 1 00 '^i,(''),ej,n 

1=0 ej=0 n=0 n'=0 

This gives a V'-ftr*,7 defined in the way of Construction [272711 Moreover, the diagram p.6.7.ip 
is commutative. 

Hypothesis 3.6.8. For the rest of this subsection, let L/K^, be a finite Galois extension satisfying 
Hypotheses 12.1.2] and [2727fl and such that L/K is Galois. 

Proposition 3.6.9. Let a > 1. Then there exists admissible {Rj+) C • Sk such that the 

logarithmic thickening space for L/K, after extension of scalars from K to K^,, is isomorphic to a 
disjoint union of p (different) standard logarithmic thickening spaces for L/K^: 

p 

TSl/K,\og,Rj+ XrK^^YI ^'^L//ig,V'K.,V 

7=1 

Proof Write OkA'^j+) / {Pj+) = using Construction [2X6l Since Ok{z) /{zP + t:kzP-^ -t:k) = 
) we may replace the coefficients in pj+ by elements in Ok[z] with degree < p—1 in z, denoting 
the result polynomials by p'j+ . Thus by Lemma 13.6.31 and the commutativity of (|3.6.7.ip , 

7=1 

^ K,{7r],''-^6o, 7T],''6j){uj+,z)/{tPK{Pj+), + {ttr + 6o)zP-^ - {ttk + So)) , 

where the latter one is a recursive logarithmic thickening space for L/K, base changed to K^. 
By Proposition I2.6.5[ this recursive logarithmic thickening space is isomorphic to a logarithmic 
thickening space TSf^j^^^^^^ ^ for L/K for some admissible subset Rj+ C {6j+) ■ Sk- □ 

Corollary 3.6.10. Let 8^1 k be the differential module o?;er Aj^[0, 6'"+-'^] x A^[O,0''] coming from 
'^^L/K,iog,R +■ For'ye{l,... ,p}, let Sl/k,^ differential module over A^^JO, 6I«-(p-2)/p] ^ 

A- [0, e-iP-^yP] coming from TS^/^ jog,^.^. " ^^'^^ ^^/^ ®^ ^* ^ ®7=i fi*^L/K.,^- 
Proof. It follows from Lemma 13.6.31 and Proposition 13.6.91 □ 
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3.7 Subquotients of logarithmic ramification filtration 

In this subsection, we prove Theorem 13.7.31 that the subquotients Filf^^GK /Fili^Gx of the loga- 
rithmic ramification filtration are abehan groups killed by p if a € Q>o and are trivial if a ^ Q. 
This uses the totally ramified base change discussed in previous subsection. 
We assume Hvpothesis 13.6.81 until we state the main Theorem 13.7.31 

Notation 3.7.1. Fix 7 G {1, . . . ,p}. Let (bj) be a finite p-basis of K. It naturally gives a p-basis 
of K^. Denote by K{xj)^ the completion of K{xj) with respect to the (1, . . . , 1)-Gauss norm and 
by K' the completion of the maximal unramified extension of K{xj)^. Write K'^ = K^,K' and 
V = K'^L. Set 

K^ = K{(bj + xjvo^-^Y/^). 

Denote (3j = {bj + xjZD^~^y^^ for simplicity. Take the uniformizer and p-basis of to be and 
{(3j,xj}, respectively. 

Situation 3.7.2. We have the following diagram of field extensions: 



K K' 

Note that {K^) 

7=1,. ..,p are extensions of K'^ conjugate over K' . The ramification filtrations on 
Gp. are compatible with the conjugation action of Gal(-fC^//C'). More precisely, for any 6 > 

and'5 G Gal(i^:/i^'), 5FitgG^^9-i = Fi4gG^(^^) and ^Fil^G^^g-i = Fil^G^^^^^ inside Gk'- In 

particular, since L' /K' and hence L^/K^ are Galois, b{L^/K^) and biog{L^/K^) do not depend on 
7 = 1, . . . ,p. 

For the following theorem, we do not impose any hypothesis on the field K. 

Theorem 3.7.3. Let K be a complete discretely valued field of mixed characteristic (0,p). Let 
Gk be its Galois group. Then the subquotients Filf^gGi^'/Fil^^gGx of the logarithmic ramification 
filtration are trivial if a ^ Q and are abelian groups killed by p if a €z Q>o. 

Proof. We will proceed as in the proof of Theorem 13.3.51 Fix a > 0. Let L be a finite Galois 
extension of K with Galois group Gf^/x with an induced ramification filtration Fil'^gG/^/x- We 
may assume that ^'^^\^gGL/K is trivial but Filf^gGj^/x is not. We may also assume Hvpothesis 12.1.21 
Furthermore, by Proposition 1 1 . 2 . 51^ 4) . we are free to make a tame base change and assume that all 
logarithmic ramification breaks of L/K is strictly bigger than 1, and pPx ^ m{p — 1) + 1. Finally, 
we may replace L by LK^ since b\og{K^:/ K) = 1 by Lemma r3.6.H and hence Hvpothesis 13.6.81 holds . 
We need to show that a G Q and Filf^gG^/j^ is an abelian group killed by p. 

We claim that each of the logarithmic ramification breaks 6 > 1 of L/K will become a non-log 
ramification break bp — p + 2 on Li/ Ki. In other words, YI^^^G^ik ^ FiF''"^^^^^ ij^ for any 
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7 G {1, ■ ■ ■ ,p} and b > 1. (It does not matter which 7 we choose as they give the same answer 
by Situation 13.7.21 ) Then the theorem is a direct consequence of the non-logarithmic Hasse-Arf 
theorem I3.3.5r 2) . 

To prove the claim, it suffices to prove the highest ramification breaks as the others will follow 
from the calculation for other L's. 

For each 7 e {!,..., p}, there exists a unique continuous O^^^ [jyo/tu-yl-homomorphism /* : 
Ok, N/ro^, Sjj Oj^^ lr]o/zu^,r]j,rj'jj such that f*Sj = {(3j + r]j)P - [xj + r]'j){w^ + ??o)^"^ - for 
i G J. For a > 1, f* gives a morphism : A|"+^[0, 0'^] ^ A^+^O, 0"]. 

Let TS'^jj^ be the standard thickening space for L/K^ and ipKt,'y We have a Cartesian 

diagram 



By applying Theorem l3.2.5l m times, TS'^^j^^ x^m+i^Q j >1^^"'^[0, 0"] is an admissible recur- 
sive non-logarithmic thickening space (of error gauge > pfdx — inn{p — 1) > 1) , which is isomorphic 
to an admissible non-logarithmic thickening space for L^/K^ by Proposition 12.6.51 Thus f^£L/K,,'^ 
is a differential module associated to L^jK^f. 

By Proposition 13.6.6) and Lemma 13.3.31 we have 

/ p — 2\ / 2p — 2p — 2 

IRif*£L/K,rnS) = IRi£L/K,,Y,S,S-\ ) = IRUfj)*£L/K„j;S -\ ,S + 



The claim follows by Corollaries 13.6. lUI and I2.5.3[ □ 
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